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Abstract
In this paper we provide a universal description of the behavior of the basic operators
of the Schwarzian theory in pure states. When the pure states are energy eigenstates,
expectation values of non-extensive operators are thermal. On the other hand, in coher-
ent pure states, these same operators can exhibit ergodic or non-ergodic behavior, which
is characterized by elliptic, parabolic or hyperbolic monodromy of an auxiliary equation;
or equivalently, which coadjoint Virasoro orbit the state lies on. These results allow
us to establish an extended version of the eigenstate thermalization hypothesis (ETH)
in theories with a Schwarzian sector. We also elucidate the role of FZZT-type bound-
ary conditions in the Schwarzian theory, shedding light on the physics of microstates
associated with ZZ branes and FZZT branes in low dimensional holography.
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1 Introduction
The Schwarzian theory, namely the theory defined by the path integral
∫ Dµ(f)eC ∫ {f(τ),τ}dτ (1.1)
where {f ; τ} is the Schwarzian derivative and Dµ(f) is the appropriate measure on Diff(S1),
plays a key role in various different recent developments in low-dimensional holography. It
appears as the low-energy description [1] of the SYK model [2, 3], as well as related tensor
models [4–6]. It can also be shown [7–10] to arise in two-dimensional gravity theories, notably
in the JT model [11,12]. Furthermore it allows one to establish results on thermal properties
of eigenstates and more general pure states in 2D CFT [13–21]. In all these situations the
appearance of the Schwarzian is intimately related to conformal (Virasoro) symmetry and
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its breaking [1,3,7,22]: an action of the type (1.1) arises as the universal description of such
effects in all instances mentioned.
In this paper we provide a universal description of the behavior of the basic operators
of the Schwarzian theory in pure states. The philosophy behind our exploration of such
effects is encapsulated in the eigenstate thermalization hypothesis (ETH) [23, 24], reviewed
for example in [25], and applied to the context of CFT in [26, 27]. In order to understand
the thermalization of unitary closed quantum systems, this approach proposes to study the
properties of eigenstates or typical pure states of the associated Hamiltonian and the degree
to which operator expectation values in these states approximate those in thermal ensembles.
The particular relevance of this approach to quantum thermalization in holography stems
from the fact that the boundary dual of black hole formation and evaporation is one of
thermalization in a closed quantum system, as demonstrated in detail for three-dimensional
gravity in the series of papers [14,16,20].
Returning to the case at hand, namely theories of the type (1.1) we find that their basic
operators – the bilocals O(τ1, τ2) – can have ergodic and non-ergodic behavior, i.e. they
either approximate thermal ensembles well, or fail to thermalize, akin to the known behavior
across a chaotic-integrable transition. Which behavior ensues depends on the parameters
of the theory as well as the state, but is universally classified by elliptic, parabolic and
hyperbolic monodromy, (or equivalently, which coadjoint Virasoro orbit the state lies on).
This allows us to establish an extended version of the eigenstate thermalization hypothe-
sis (ETH) [15,20] which includes the usual notion of ETH for simple operators, and extends
it to more complex operators, in particular including out-of-time-order correlation functions
(OTOCs)1. Our argument proceeds along two closely related lines: firstly we give semi-
classical arguments directly in the Schwarzian theory, based on the relationship between
(1.4) and the coadjoint orbit theory [29,30]. Secondly we use the relationship between two-
dimensional boundary Liouville theory and the Schwarzian theory to provide exact results,
whose semi-classical expansion coincides with the previous analysis. A crucial novel ingredi-
ent in our story is the inclusion of effects of FZZT branes [31,32] in the Liouville description,
which descend to certain coherent states in the Schwarzian, as we shall explain. Effects
of this type have recently been pointed out to arise in the study of the late-time behavior
of a certain matrix model designed as a topological completion of JT gravity [33]. In this
context FZZT type states are related to the late-time ramp behavior seen, for example, in
the spectral form factor [34–37]. As we show here, these same effects are also seen to play
an important role in understanding ETH in theories of the type (1.1).
This paper is structured as follows: the rest of this introduction consists of a summary
of the main results. Section 2 describes how to construct the Schwarzian path integral
from two-dimensional Liouville theory. This kind of construction has already been exploited
1For an argument leading to a similar notion of extended ETH from the point of view of black-hole interiors,
see [28].
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Figure 1: We obtain results on Schwarzian correlation functions by taking an appropriate
limit of 2D Liouville theory with boundary conditions, or equivalently (as shown on the left)
with the corresponding boundary states (details in section 2.3). The full cylinder is obtained
when we implement the ZZ boundary condition via a doubling trick, allowing us to extend
the field periodically. The resulting theory on the torus is then reduced to one dimension and
gives rise to correlation functions in the Schwarzian theory with respect to the pure-state
density operator ρΨ = ∣Ψ⟩⟨Ψ∣.
in [17,38], but we extend it here to include more general boundary conditions that allow us
to deal with a general class of pure states. In section 3 we then analyze the semiclassical
limit of the correlation functions of interest and in particular provide a general proof that the
heavy pure states of interest scramble as efficiently as the thermal ensemble, a result we refer
to as extended ETH. Finally, section 4 makes full use of the construction of the Schwarzian
theory in terms of boundary Liouville CFT to write down exact quantum expressions for the
various pure-state expectation values considered in section 3. We also demonstrate that the
exact expressions agree with semiclassics when expanded in that limit. We finally discuss
our results and provide a perspective on open issues in the Conclusions section.
1.1 Summary of results
One of the main goals of this work is to establish results for correlation functions in pure
states
Tr [ρΨO`1(τ1, τ ′1)⋯O`n(τn, τ ′n)] , ρΨ = ∣Ψ⟩⟨Ψ∣ (1.2)
where ∣Ψ⟩ is either an eigenstate of the Schwarzian theory
H ∣E(k)⟩ = k2
2C
∣E(k)⟩ , (1.3)
or a pure coherent state of the type
∣Er⟩ ∼ erV ∣E⟩ (1.4)
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where ∣E⟩ is any eigenstate of the theory, including the vacuum ∣0⟩. The operator V starts its
life in two dimensions as a Liouville vertex operator ∼ eϕ that upon descent to one dimension
corresponds to a bilocal operator insertion in the Schwarzian theory. We establish that for
one and two-point functions of bilocal operators these correlation functions become thermal
in the semiclassical limit (C →∞ ) in the sense of eigenstate thermalization and compute the
associated ETH temperature βΨ. By definition, this temperature is also the temperature of
a canonical ensemble with temperature chosen in order to reproduce microcanonical averages
at energy E. We have written the result (1.2) for the case of an arbitrary number of bilocal
insertions. Strictly speaking in this work we only establish the result for up to two bilocals,
but our methods can in principle be extended to the most general case (1.2).
We will describe the precise construction in section 2, preferring to first summarize the
main results in as non-technical a manner as possible.
We prove that both classes of pure states ∣Ψ⟩ under consideration behave thermally to
leading order in large C. We show both using semiclassical quantization of the appropriate
coadjoint orbits of Virasoro as well as via semiclassical expansions of exact results in the
quantum theory that bilocal one and two-point functions with respect to the eigenstate∣E(k)⟩ appear thermal at temperature piTE = √E/2, while the coherent states ∣Er⟩ behave
thermally at temperature
Tθ = θ
pi
√
E
2
, (1.5)
for θ ∈ R, corresponding to the parameter range r < √2 for the coherent state introduced in
(1.4) above.2 These states behave non-ergodically for the parameter range r > √2, which
formally corresponds to setting θ ∈ iR in (1.5). In this regime there is no meaningful effective
temperature to be associated to the states, but the combination of parameters (1.5) still
remains important, appearing for example as an oscillation frequency of OTOCs. In fact,
one recovers the result for the eigenstates by setting θ = 1, and we explain why in more detail
below. Physically, the system shows a phase transition between ergodic and non-ergodic
behavior at the critical value r = √2, very similar to the phenomenon established in [20] for
holographic 2D CFT. The resulting phase diagram is shown in Figure 2. It is intriguing to
see exactly the same mathematical structure at play here, namely the transition between
the elliptic and hyperbolic monodromy, or equivalently the co-adjoint orbits of Virasoro.
The role of the critical theory is played by the parabolic case and it would be interesting to
explore whether the theory of this orbit can serve as a universal description of ergodic to
non-ergodic transitions.
Note that we wrote the expectation value (1.2) with Euclidean time insertions, but our
results also extend to Lorentzian insertions, and in particular to out-of-time order type cor-
relation functions. In this case we are able to prove a conjecture made in [15], namely that
these pure states scramble with the maximally allowed Lyapunov exponent if one were al-
2θ and r both parametrize the states and are related to each other through (2.15).
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Figure 2: Phase diagram of the chaotic properties of the Schwarzian theory. The theory
behaves thermally for the parameter range −√2 < r < rc with rc = √2. The range r < rc
corresponds to elliptic coherent state insertions, while the critical case r = rc can also be
interpreted as the parabolic orbit corresponding to the eigenstates ∣E(k)⟩ of the theory. In
the full range −√2 < r ≤ rc we find that the model scrambles with the maximal Lyapunov
exponent predicted by ETH temperature, λ = 2piTETH. In the hyperbolic range r > rc the
Schwarzian theory behaves non-ergodically, and in particular its OTOC is oscillatory. See
also table 8 for more details.
lowed to naively extend the eigenstate thermalization hypothesis to these types of operators.
In other words we find that
⟨Ψ∣O`1(t,0)O`2(t,0)∣Ψ⟩OTO ∼ 1 − #C e 2piβΨ t (1.6)
up to the scrambling time.3 This behavior was conjectured in [15] on the basis of numerical
evidence as well as in the works of [28, 39] with an eye on the necessary conditions for
reconstructing the holographic bulk geometry of pure states. This kind of behavior has
already been established analytically in 2D CFT assuming identity block domination in [20]
and furthermore shown to be play a crucial role in holographic bulk reconstruction [28,39].
Extended eigenstate thermalization hypothesis
A physical way to summarize these observations and analytical results, as well as previous
evidence [15, 20] is the statement that there exist theories satisfying an extended ETH. Let
A denote the set of operators which satisfy the ETH in its usual form [23, 24]. Then, by
extended ETH, we mean that operators in eigenstates such as (1.3) and, as a consequence in
pure states such as (1.4), approximate thermal ones in real time, up to exponentially small
corrections in entropy, at least until the scrambling time ts. Moreover we include in the
set A more complex operators, such as the four-point OTO type correlations considered in
this paper as well as in [15, 20]. Furthermore, we suggest that certain theories saturate the
bound [40] when the OTOC is evaluated in eigenstates, as was first conjectured in [15], that
3An analogous statement is true in 2D CFT assuming identity block domination [20]. On general grounds,
on the second sheet, one would expect contributions from other blocks to potentially spoil this behavior,
unless we make further assumptions about the kind of CFT we consider, such as sparse spectrum and large
gaps. In the Schwarzian theory the situation seems to be better as the identity block is all there is.
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is they satisfy maximal extended ETH. One interesting class of such theories we have in mind
are CFTs with a sparse spectrum and a large gap, ∆gap, to higher spins [41–44], in other
words theories admitting a semiclassical description in terms of Einstein gravity corrected
by higher derivative terms which are suppressed by powers of ∆gap. It would clearly be
desirable to obtain a better understanding of how far one should be allowed to extend the
admissible class operators, A , for example by adding successively higher OTOCs [45,46].
For demonstrating ETH in any system it is crucial that the off-diagonal expectation
values of the operators under consideration, A , are exponentially suppressed with respect
to the diagonal elements. Such off-diagonal terms were studied in [15, 47]. In our present
work we compute only the diagonal elements while the computation of off-diagonal terms
will require generalizing some of the techniques developed in this paper.
Comments on ZZ and FZZT branes
An interesting role in our story is played by ZZ and FZZT branes in the Liouville picture
and the corresponding boundary conditions these imply for the Schwarzian path integral.
A general lesson is that ZZ branes and FZZT branes enter somewhat asymmetrically, in
so far as in the Schwarzian picture the ZZ branes give rise to integrals over the density
of states, while FZZT branes allow us to consider non-trivial coherent external states with
respect to which we compute expectation values. On the other hand, we can recover the ZZ
boundary conditions characterized by the continuous parameter r rather simply, by choosing
the single value r = √2, so that in practice all the associated pure states can be treated in a
uniform fashion. As we shall see this provides a useful perspective on all these branes and
their thermal properties by linking them to the different coadjoint orbits of Virasoro, again
parametrized by r, with the critical case rc = √2 (see, e.g. Fig. 2).
Given that these branes and their associated states feature so prominently in the under-
standing of thermalization in the Schwarzian theory (and by way of establishing this result,
also in 2D Liouville theory), a very interesting question would be that of the bulk manifes-
tation4. Since thermal ensembles in the boundary are a dual manifestation of bulk black
holes, we are thus asking about the relevance of (F)ZZ(T) branes to the general structure of
black-hole microstates.
In fact, in the context of the ‘old’ c ≤ 1 matrix model many results in this direction are
known [31,32,49,50] and it would certainly be interesting to flesh out a similar story in the
present case. For recent work in this direction see [33].
4The paper [48] discusses bulk manifestations of different Virasoro orbits, including elliptic, parabolic and
hyperbolic, in terms of defect geometries in JT gravity.
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2 Pure states in Liouville and the Schwarzian
In this section we describe in detail how to construct expectation values with respect to a
density operator ρΨ = ∣Ψ⟩⟨Ψ∣ in the Schwarzian theory. On the way we also explain, in our
picture, how to obtain the thermal ensemble ρβ, more commonly encountered in the study of
the Schwarzian theory to date. We will adopt the perspective advocated in [38] in order to
do this, namely we will start with 2D Liouville theory with appropriate boundary conditions
and then descend to the Schwarzian by taking an appropriate limit.
2.1 Boundary Liouville theory and Schwarzian coherent states
In this section we collect a number of results, most of which are well known, both to prepare
the scene, as well as to establish our conventions for what is to come. We review how to
descend from Liouville theory in 2D to the Schwarzian path integral (1.1), as well as the broad
classification of classical solutions of Liouville according to their monodromy properties. Let
us start with the Hamiltonian path integral for boundary Liouville theory on the interval
I = [0, β/2], ⟨ ⋅ ⟩bc = ∫ DϕDpi ( ⋅ ) e∫ dτdσ piϕ˙8pib2 −H (2.1)
where ‘bc’ generically denotes ‘boundary conditions’ to be imposed on the fields at σ = 0 and
σ = β/2.5 We shall be interested both in so-called ZZ branes as well as FZZT branes, which
correspond to Dirichlet and Neumann conditions, respectively. The Hamiltonian density is
given as H = 1
8pib2
(pi2
2
+ ϕ2σ
2
+ eϕ − 2ϕσσ) +Hboundary (2.2)
with Liouville central charge c = 1 + 6 (b + b−1)2. We added the boundary Hamiltonian
Hboundary in order to implement the Dirichlet or Neumann conditions of interest and to be
specified shortly. We will ultimately be interested in the limit c→∞, corresponding to taking
b→ 0. The Schwarzian limit is essentially the classical limit of the 2D path integral (2.1) by
taking c→∞ while at the same time letting a→ 0, such that c a24pi ∶= C remains finite, where a
is the size of the Euclidean time coordinate in 2-dimensions. In this limit, the path integral
reduces to the zero-mode in time of the fields ϕ(σ, τ) and pi(σ, τ), i.e. time-independent
configurations and may be brought into the form (1.1). A key difference to the treatment
in [17, 38, 51] is that we are especially interested in FZZT type boundary conditions, so we
describe in some detail how these are implemented and how they descend to the Schwarzian
theory.
Let us thus return to our discussion of boundary Liouville theory. The boundary con-
ditions we would like to impose [31, 32, 52, 53] are most easily stated in terms of the vertex
5While it might seem counter intuitive to call the spatial direction β, the periodicity in this direction will
eventually be related to Euclidean 1D time.
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operator V`(w, w¯) = e`ϕ(w,w¯) , (w = τ + iσ , w¯ = τ − iσ) (2.3)
We also define the exponentiated Liouville field
V (w, w¯) = e− 12ϕ (2.4)
for later convenience.The Schwarzian boundary states descend from considering the Liouville
theory between branes, so that σ ∈ I. In order to characterize the branes, we need to specify
Dirichlet or Neumann boundary conditions at both ends. The most general case of interest
in this work6 will be a Dirichlet condition at σ = 0, as well as a family of Neumann boundary
conditions at σ = β/2:
V (τ, σ)∣
σ=0 = 0 , ∂σV (τ, σ)∣σ=β
2
= r
2
(2.5)
where r is a parameter whose ranges we will specify later. In terms of the field ϕ, the
Neumann boundary condition takes the form
∂σϕ + reϕ2 ∣
σ=β
2
= 0 (2.6)
and is implemented by adding the boundary action
SN = − r
4pib2
∫ dτ e 12ϕRRRRRRRRRRRσ=β
2
(2.7)
which, inside the path integral, has precisely the interpretation of creating the coherent
state (1.4). In preparation for our later analysis of the Schwarzian theory, it will in fact
be useful to review the construction of classical solutions of boundary Liouville theory with
the specified boundary conditions, and we closely follow the presentation in [53]. The setup
here is that of a conformal field theory with a boundary which was first studied in [54]
and subsequently in [31, 32, 52, 53, 55] for the Liouville field theory. First, let us perform a
conformal transformation that maps the strip, R × I, to upper half plane, H,7
z = e 2piβ w, z¯ = e 2piβ w¯ . (2.8)
We will see below that this map naturally helps us to define a theory at finite temperature
after the dimensional reduction (see the discussion following (2.22) below), although we will
often be interested in taking the zero-temperature limit and instead work with individual
pure states. Under such an exponential map, the boundaries σ = 0, β/2 are mapped to the
real line, Im(z) = 0. The stress tensor on the plane is,
T = ∂2zV
V
+ 1
4z2
, T¯ = ∂2z¯V
V
+ 1
4z¯2
. (2.9)
6In section 4 we will also give results for Neumann boundary conditions at both ends. We do not currently
understand the physical relevance of these states and leave further investigation for future work.
7Recall that the Liouville field ϕ(w)→ ϕ(z) − ln ∣ ∂w
∂z
∣2 also transforms under conformal transformations.
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Conservation of the stress tensor implies holomorphicity and the Neumann boundary condi-
tions naturally provide vanishing energy flux through the boundary, Im(z) = 0,
T (z) = T¯ (z¯), when z = z¯ (2.10)
For the case of Dirichlet boundary condition, this is imposed as an additional condition
which imposes the regularity of the stress tensor on the boundary.8 The doubling trick on
the plane then lets one define the stress tensor on the lower half plane, T (z∗) = T¯ (z¯), [54],
thereby making the stress tensor periodic in the original σ-coordinate,
T (σ + β) = T (σ) .
Classical solutions of the Liouville equation in the Fuchsian form (2.9) are well studied and
are organized by the monodromy of the solutions around the unit circle in the complex
plane. To see this, we write the Liouville field as a linear combination of two functions
ΨT = (ψ1 , ψ2) in the form
V (z, z¯) = Ψ(z¯)TAΨ(z) , A ∈ SL(2,R) (2.11)
where the functions ψ1,2 are defined as the two linearly independent solutions of Hill’s equa-
tion
ψ′′ − Tψ = 0 (2.12)
with T the Liouville stress tensor introduced above. We then define the monodromy matrix
M , via
Ψ(e2ipiz) =MΨ(z) . (2.13)
One can show that M ∈ SL(2,R), [56], and that it is in fact defined only up to conjugation
M ≅ S−1MS for S ∈ SL(2,R), so that conformally inequivalent solutions are labelled by
conjugacy classes of SL(2,R), coinciding with the classification of coadjoint orbits of Diff(S1)
[53,57]. The main tool to classify the different classes of solutions is the monodromy matrix
M , which must fall into one of three classes: hyperbolic, parabolic or elliptic, characterized
by the trace of the monodromy matrix M . We do this by writing the Neumann boundary
condition in terms of V (z, z¯) as,
z∂V (z, z¯) − z¯∂¯V (z, z¯)√
zz¯
∣
z¯=z<0 = r/2 . (2.14)
With the aid of the Wronskian condition ψ′1ψ2 − ψ1ψ′2 = 1, this implies that
TrM = r
2
= cos(piθ)√
2
, (2.15)
8Non-vanishing energy flux for the Dirichlet problem would correspond to singularities on the boundary.
See [53] for more discussion. Moreover, this also facilitates the use of doubling trick.
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where the second equality introduces an alternative but standard parametrization of the
boundary parameter r. This equation will be our main tool to classify different types of
semiclassical solutions of the Schwarzian model. Following the analysis in [53], we have three
cases, namely
−√2 < r < √2 θ ∈ R elliptic
r = ±√2 θ = 0,±1 parabolic
r > √2 θ ∈ iR hyperbolic (2.16)
Using the map (2.8), one can write the classical solution for the Liouville theory found in [53]
in each of the equivalence classes in terms of a single holomorphic function, F (z),
V (z, z¯) = 1
2
√
2θ
¿ÁÁÀ F (z)F (z¯)
F ′(z)F ′(z¯)
⎡⎢⎢⎢⎢⎣(F (z)F (z¯))
θ/2 − (F (z¯)
F (z))θ/2
⎤⎥⎥⎥⎥⎦ , (2.17)
where F (e2ipiz) = e2ipiF (z).
A further crucial element of the construction of classical solutions described above is that
the stress tensor of any solution of Hill’s equation for the theory on H falling into these three
classes can be brought to the constant form [53]
TH = TH0 , with TH0 = θ24z2 , (2.18)
via a conformal transformation. This is the stress tensor on the plane. Alternatively, one
can compute the stress tensor on the strip, R × I, where it takes the form
T = T0 = −θ2
4
. (2.19)
We refer to T0 as the constant representative.
9 It is interesting to note that this equation
is very reminiscent of the trace of the monodromy matrix appearing in the computation of
conformal blocks of 2D CFT at large central charge [14,58,59]. The difference seems to be in
that while these references study the monodromy around operator insertions, here we have
appropriate boundary conditions along the entire real line in the complex z-plane. However,
following [31] one can understand these boundary conditions as insertion of boundary oper-
ators and the monodromy under study in the present work is then the monodromy around
this boundary operator.
9We have dropped the Casimir energy part that comes from the quantum corrections since it is not
important for identifying the orbits.
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2.2 Descending to the Schwarzian
Inspired by the non-linear field transformation of Gervais-Neveu, [60, 61], we perform the
following field redefinition in the path integral, (2.1),
eϕ = 8θ2F ′(z)F ′(z¯)
F (z)F (z¯)
⎡⎢⎢⎢⎢⎣(F (z)F (z¯))
θ/2 − (F (z¯)
F (z))θ/2
⎤⎥⎥⎥⎥⎦
−2
pi = F ′′(z)
F ′(z) + F ′′(z¯)F ′(z¯) − F ′(z)F (z) − F ′(z¯)F (z¯) − θ [F (z)θ + F (z¯)θF (z)θ − F (z¯)θ ] [F ′(z)F (z) − F ′(z¯)F (z¯) ] .
(2.20)
Under this redefinition, the bulk action becomes,
S = 1
8pib2
∫
H
d2z[pi[F ]ϕ˙[F ] + ⎛⎝2{F (z); z} + (1 − θ2)(F ′(z)F (z) )2
+ 2{F (z¯); z¯} + (1 − θ2)(F ′(z¯)
F (z¯) )2 )]
(2.21)
Using the doubling trick to identify z∗ = z¯, we write the action as an integral over the entire
complex plane,
S[F ] = 1
8pib2
∫
C
d2z
⎡⎢⎢⎢⎢⎣pi[F ]ϕ˙[F ] +
⎛⎝2{F (z); z} + (1 − θ2)(F ′(z)F (z) )2 ⎞⎠
⎤⎥⎥⎥⎥⎦ (2.22)
This path integral should be understood along with the insertion of the appropriate state
along the negative real axis, implemented by the boundary term (2.7). Some comments are
in order: firstly, recall that the F (z) function is related to the transformations of the strip,
I, by,
F (z) = e 2piiβ f(σ) (2.23)
on the τ = 0 slice. The parameter β entering into this transformation is freely tunable
and corresponds to the physical (inverse) temperature of the Schwarzian theory in 1D. This
is the well known tan-transformation (SL(2,R) equivalent thereof) from the study of 1D
CFTs, [1, 62]. Secondly, note that θ = ±1 corresponds to the standard Schwarzian action.
The reason for which will become clearer in Section 2.3. Recall, that the semiclassical limit
(of the Liouville theory), b→ 0, of the path integral localizes on τ -independent configurations
and the first term (piϕ˙ term) in the above action drops out. In this limit, one reproduces the
Schwarzian action,
S[f] = −C β/2∫−β/2dσ
⎡⎢⎢⎢⎢⎣{f(σ);σ} + 2pi
2θ2
β2
f ′(σ)2⎤⎥⎥⎥⎥⎦ (2.24)
where
C = a
4pib2
(2.25)
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is the overall coefficient in front of the Schwarzian action (1.1). Using the field redefinitions,
(2.20), insertion of any vertex operator, e2`ϕ(z,z¯), corresponds to an insertion of the kind,
O`(σ,−σ) = ⎛⎜⎝8pi
2θ2
β2
f ′(σ)f ′(−σ)
sin2 (piθβ (f(σ) − f(−σ)))
⎞⎟⎠
2`
(2.26)
in the classical limit. Similarly, the boundary term (2.7) can we written as,
SN = − a r θ√
2βb2
f ′(β/2)
sin (pi θ) (2.27)
where, we have used: f(β/2) − f(−β/2) = β; and, f ′(β/2) = f ′(−β/2). From this point of
view of obtaining Schwarzian theory as a dimensional reduction of the 2-dimensional Liouville
theory, the Dirichlet boundary condition at σ = 0 corresponds to an insertion of complete
set of states in the Schwarzian theory.10 Finally, the generic 2-dimensional path integral,
(2.1), with operator insertions and Neumann boundary condition on one end and Dirichlet
boundary condition on the other after dimensional reduction becomes,
⟨⋅⟩ = ∫ Df
G
( ⋅ ) exp⎡⎢⎢⎢⎢⎢⎣−
2
√
2piC r θ
β
f ′(β/2)
sin (pi θ) −C
β/2∫−β/2dσ
⎛⎝{f(σ);σ} + 2pi2θ2β2 f ′(σ)2⎞⎠
⎤⎥⎥⎥⎥⎥⎦ . (2.28)
We can alternatively write the above integral in a more symmetric form:
⟨⋅⟩ = ∫ Df
G
( ⋅ ) exp⎡⎢⎢⎢⎢⎢⎣−
2
√
2piC r θ
β
√
f ′(−β/2)f ′(β/2)
sin (pi θ) −C
β/2∫−β/2dσ
⎛⎝{f(σ);σ} + 2pi2θ2β2 f ′(σ)2⎞⎠
⎤⎥⎥⎥⎥⎥⎦
(2.29)
The advantage of this symmetric representation is that we can interpret the operator insertion
as the one that creates the FZZT states described in (1.4) and the RHS of the figure 1.11
The Jacobian, Pf(ω), due to the field redefinition from ϕ,pi → f is absorbed in the function
integral measure DfG as was shown in [63]. Here ω is the Alekseev-Shatasvili symplectic form
given by, [29,53,55]
ω = δT0 ∧ β/2∫−β/2dσf ′(σ) δf(σ) + T0
β/2∫−β/2dσ δf ′(σ) ∧ δf(σ) +
1
4
β/2∫−β/2dσ
f ′′(σ) ∧ δf ′(σ)
f ′(σ)2 . (2.30)
Note that while the Schwarzian action in (2.28) has an SL(2,R) symmetry, this is further
broken to U(1) due to the presence of the operator insertion at σ = β/2. Consequently G =
SL(2,R) or U(1) depending on which orbit we are integrating over. This also suggests that
this operator insertion in (2.28) due to the boundary condition at σ = β/2 can alternatively be
understood as integration over circle diffeomorphisms f with nontrivial monodromy specified
by r via the trace relation (2.15).
10Precisely because there is no insertion of any operator in the dimensionally reduced theory.
11In this particular case, the eigenstate in (1.4) is the vacuum state.
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2.3 Boundary conditions as States of the theory
Up to this point we presented the ZZ and FZZT branes in terms of boundary conditions for
Liouville theory on an interval. In fact, for what is to come below, a more natural way to
think about them is in terms of (boundary) states. Within Liouville theory, transitioning
between boundary conditions and states is equivalent to transitioning between an open-string
and a closed-string perspective. Liouville theory is, in fact, one of the most well understood
examples of such an open/closed string duality, [32, 64]. We study the boundary Liouville
theory given by the path integral (2.1) at finite temperature, T = 1/a.12 In general, one can
choose arbitrary conformal boundary conditions at the ends of the strip i.e. in the open-string
perspective. The case of Dirichlet boundary condition at both ends, also known as (1,1)-
Zamolodchikov-Zamolodchikov (ZZ) branes was studied in the context of the Schwarzian
theory in [38, 51]. The generic partition function, Zs,s′ [i aβ ], between two different branes is
given by, [32,64],
Zs,s′ [i a
β
] = ∫ dP Ψs(P )Ψs′(−P )χP (q˜) ,
where each of s or s′ = ⎧⎪⎪⎨⎪⎪⎩(m,n) ∈ (Z,Z) for a generalized (m,n)-ZZ branes ∈ R for FZZT brane .
(2.31)
Here, the modular parameter is (i a/β) since the size of our open string is β/2 and q =
exp [−2pi × aβ ] , q˜ = exp [−2pi × βa ]. The particular case of our interest presently is the case
where s = s for a FZZT brane and s′ = (1,1) for a ‘basic’ ZZ brane. Finally, the Virasoro
character corresponding to a non-degenerate state labelled by P is,
χP (q) = qP 2
η(q) , η(q) = q1/24 ∞∏n=1(1 − qn) . (2.32)
While the states given by the wavefunctions Ψs(P ) can be written in terms of the Ishibashi
states, [65, 66],13
⟨s∣ = ∫ dPΨs(P )⟪P ∣, (2.33)
⟪P ∣ = ⟨νP ∣ (1 + L1L¯1
2∆P
+⋯) . (2.34)
Here, ∣νP ⟩ is the state created by the vertex operator e(Q+2iP ) ϕ2b under the state operator
correspondence, with the conformal weight, ∆P = Q24 + P 2. Thus the open string partition
function between two branes, written as the integral appearing in (2.31), can equivalently
be written as an amplitude between two such closed string states,
12Note that this is the temperature of the 2D Liouville theory. It is not the same as 1/β which will emerge
as the natural periodicity of the Euclidean time direction of the Schwarzian theory in the end (if the latter is
studied in a thermal ensemble).
13Our Ishibashi states are normalized as, ⟪P ∣qL0/2∣P ′⟫ = δ(P − P ′)χP (q)
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Figure 3: An open string Partition function with generic boundary conditions is the same
as a closed string amplitude between corresponding boundary states.
Zs,s′[q] = ⟨s∣q˜L0/2∣s′⟩ . (2.35)
The states of importance in this work are,
ΨZZ(P ) ∶= Ψ(1,1)(P ) = 23/42ipiP (γ(b2)
8b2
)− iPb 1
Γ (1 − 2iP b)Γ (1 − 2 iPb )
Ψ
(s)
FZZT(P ) ∶= Ψs(P ) = e2ipiPs ⎡⎢⎢⎢⎢⎣− i2piP (γ(b
2)
8b2
)− iPb Γ (1 + 2iP b)Γ(1 + 2 iP
b
)⎤⎥⎥⎥⎥⎦ .
(2.36)
Here, for the sake of brevity we have used the standard definition γ(x) = Γ(x)/Γ(1 − x).
This duality needs to be generalized for the case with operator insertions to be useful for our
computations. Unnormalized thermal correlation functions can likewise be computed using
the open/closed string identity:
Trs,s′ [e−aHVn(wn, w¯n)⋯V1(w1, w¯1)] = ⟨s∣q˜ L02 e 2pia σnL0Vn⋯V2e− 2pia σ21L0V1e− 2pia σ1L0 ∣s′⟩ (2.37)
where, we have used following definitions,
q˜L0 = exp(−2piβ
a
L0) = exp(−βH)
qL0 = exp(−2pi a
β
L0) = exp(−aH)
wi = τi + iσi, w¯i = τi − iσi
σij = σi − σj
(2.38)
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and Vi are the vertex operators of the Liouville theory. We have also used τi = 0⇒ wi = −w¯i.
This choice has been made with eventual dimensional reduction, a→ 0, in mind.
Finally putting the results from both these perspective together, in the b → 0 limit, we
can equate (2.28) to (2.37),
∫ Df
G
( ⋅ ) exp (S[f] + SN) ∼ ⟨s∣e−βL02 Vn(σn,−σn)⋯V2(σ2,−σ2)V1(σ1,−σ1)∣(1,1)⟩ (2.39)
where, S[f], SN are the action introduced in (2.24) and (2.27); and, (⋅) corresponds to the
insertion of the bilocal operators given by (2.26), Oi(σi,−σi), in the Schwarzian theory. Also
the parameter r on the LHS is related to the parameter s of the FZZT state by,
cosh2(pibs) = r2
2pib2
sin(pib2) = cos2(piθ) sin(pib2)
pib2
(2.40)
For the case of the unperturbed (‘standard’) Schwarzian theory, we have,
∫ Df
G
( ⋅ ) exp (S[f]) ∼ ⟨(1,1)∣e−βL02 Vn(σn,−σn)⋯V2(σ2,−σ2)V1(σ1,−σ1)∣(1,1)⟩ (2.41)
The tilde in the equations above emphasizes the fact that on both sides of these equa-
tions we are computing unnormalized correlation functions. Since we are interested in time-
dependent behavior of these correlation functions we will not be careful about the overall
time-independent normalizations. Note that in the large central charge limit, c→∞ ≡ b→ 0,
the Ishibashi states in (2.34), ⟪P ∣ → ⟨νP ∣, so that in our case they can always be replaced
simply with the primary states, which simplifies our task considerably. Also, θ = ±1⇔ r2 =
2 ⇔ s = ±i corresponds to (1,1)-ZZ state. This is consistent with our previous observation
that θ = ±1 corresponds to the standard Schwarzian action in (2.22). In all the subsequent
sections, we work only with ZZ-branes of the type (1,1) and therefore we refer to them as∣ZZ⟩ instead of ∣(1,1)⟩. In our notations ∣FZZT⟩ denotes a general FZZT brane and the
parameter s is suppressed.
This concludes our introduction relating the 1-dimensional Schwarzian theory to bound-
ary Liouville theory in 2-dimensions. We also related the boundary states of the Liouville
theory with different states of the Schwarzian theory. We will now use this setup to compute
the correlation functions of the 1-dimensional theory with an aim to unravel their thermal
behaviour. Before we proceed to do the exact computations in section 4, we derive some of
these results using semiclassical analysis in section 3.
3 Semiclassical results
In this section we make use of the natural symplectic structure on the coadjoint orbits of
Virasoro to extract the scrambling exponent in pure states. The logic is as follows: first
we establish the effective temperature (the ‘ETH temperature’) we should assign to our
pure states, including the actual eigenstates of the Schwarzian model. This can be done by
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studying the one-point functions of bilocal operators O`. We then go on to the corresponding
two-point function of O′`s and determine the Lyapunov exponent whenever appropriate. In
all cases where the one-point function is thermal we find the maximally allowed Lyapunov
exponent predicted by taking the ETH temperature seriously. On the other hand, we also
establish a phase transition between this ergodic behavior and a non-ergodic phase in which
the one-point functions are not periodic in Euclidean time and the corresponding OTOC does
not exhibit scrambling behavior. The resulting phase diagram is summarized in Figures 2.
3.1 One-point function and effective temperature
We start our exploration of the semi-classical correlators of the model (1.1) with the simplest
example, namely the one-point function of the bilocal operator
O`(σ1, σ2) ∶= e2`ϕ(σ1,−σ2) (3.1)
where we have emphasized that the operators in the Schwarzian theory descend from the
zero-mode of the primary operator of weight ` in the Liouville picture. This will turn out to be
convenient for our next step, when we exploit this connection in order to construct the saddle-
point solutions of the Schwarzian path integral with ZZ and FZZT boundary conditions.
Later, in section 4, we will recover these expressions from a semi-classical expansion of the
exact answer for the correlation functions.
ZZ branes: Dirichlet condition and energy eigenstates in the Schwarzian
Here we are interested in the semi-classical answer for the correlation function
⟨E∣O`(σ1, σ2)∣E⟩ , (3.2)
where ∣E⟩ is an eigenstate of energy E. Note that the energy can be defined as the expectation
value of the Schwarzian ‘operator’ in the energy eigenstate, [38, 51,67,68]:
E ∶= ⟨E∣{F (σ), σ}∣E⟩ ,
with the background temperature, 1/β = 0. Semiclassical limit of this equation corresponds
to,14 {F (σ);σ} = 4pi2E
C
, (3.3)
and, the saddle point solution is given by,
F (σ) = tan⎛⎝pi
√
2E
C
σ
⎞⎠ (3.4)
14The appropriate scaling of the energy in this equation is to ensure that we are working with a high-energy
state in the semiclassical limit.
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Recall, in the zero temperature limit the parabolic orbit, Diff(S1)/SL(2,R), that is relevant
for this case is characterized by the following operator (see also (2.26)),
O1` (σ1, σ2) = ( F ′(σ1)F ′(σ2)(F (σ1) − F (σ2))2)
2`
. (3.5)
The reason for the superscript ‘1’ in the above equations will become clear once we understand
the analogous solutions corresponding to Neumann boundary conditions (FZZT branes).
The path integral expression that we are interested in involves an integration over the F (σ)
modes,15 ∫ DF
SL(2,R)O1` (σ1, σ2)eC ∫ dσ{F (σ);σ} . (3.6)
However, in the semiclassical limit it can be evaluated at the above saddle point solution,
(3.4),
⟨E∣O1` (σ1, σ2)∣E⟩ ≈ ⎛⎜⎝ pi
2
β2E
1
sin2 ( piβE σ12)
⎞⎟⎠
2`
, 1/βE = TE = √2E
C
(3.7)
This is the same as the thermal correlation function at an effective temperature, TE . Later
in section 4 we obtain the same result using the exact methods described in the previous
section.
FZZT branes: Neumann condition and Schwarzian coherent states
We are now interested in the semi-classical answer for the correlation function
⟨Er ∣O`(σ1, σ2)∣Er⟩ (3.8)
where, ∣Er⟩ corresponds to the local operator discussed in (1.4). This insertion restricts us
to the orbit Diff(S1)/U(1), as was deduced in the previous section and corresponds to the
zero mode of a classical solution to Liouville theory with a Dirichlet boundary condition at
σ = 0 and a Neumann boundary condition at σ = β/2. In this case the classical solution [53]
can be written as
Oθ` (σ1, σ2) = ⎛⎜⎝pi
2θ2
β2E
f ′(σ1)f ′(σ2)
sin2 ( θpiβE (f(σ1) − f(σ2)))
⎞⎟⎠
2`
(3.9)
The superscript θ parametrizes the family of Neumann boundary conditions corresponding
to our coherent states. We note that setting θ = 1 recovers the pure Dirichlet case, explaining
the choice of superscript above. Also note that the background temperature for this orbit is
taken to be the same as the effective temperature TE = 1/βE induced by external states ∣E⟩.
15In the β →∞ limit, the fields F (σ) = f(σ)
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In order to get the Schwarzian correlation function we still need to integrate over the
circle diffeomorphism f . We must thus evaluate the path integral
∫ Df
U(1)Oθ` (σ1, σ2)e− 4piC θβ f ′(σ3)tan(pi θ)−C ∫dσ{f(σ);σ} . (3.10)
where we have explicitly written the path integral in terms of the f fields as opposed to F
fields. For C ≫ 1, this expression is again evaluated via saddle point resulting in the same
solution as above f(σ) = σ, and thus in the matrix element
⟨Er ∣O`(σ1, σ2)∣Er⟩ = ⎡⎢⎢⎢⎢⎢⎣(
pi
βθ
)2 1
sin2 ( piβθ σ12)
⎤⎥⎥⎥⎥⎥⎦
2`
(3.11)
with effective temperature
Tθ = 1/βθ = θ√2E
C
. (3.12)
The reader will recall that solutions on this orbit are classified by their monodromy, whence
θ ∈ R corresponds to the elliptic class of solutions while θ = ip ∈ iR corresponds to the hyper-
bolic class. The time parameter σ appearing in the correlation function has the interpretation
of Euclidean time in the 1D theory, so that the result is thermal for θ ∈ R and non-thermal
for θ ∈ iR. We note that this is in perfect agreement with the results of [21, 69] who con-
sider the scrambling behavior of the 2D identity block and finds an effective temperature
analogous to (3.12) also in the elliptic case (i.e. for operators below the BTZ threshold).
It is interesting to note that [70], who study properties of de Sitter horizons, also find the
oscillatory to exponential cross-over of the OTOC, which they associate with the different
Virasoro coadjoint orbits. A soft-mode action of the Schwarzian type appears in their work
as the boundary action of AdS2, which has been glued to a dS2 region in the IR.
We would now like to go on and calculate the semi-classical two-point function of bilocals,
which will allow us to extract the OTOC in the pure states ∣Ψ⟩. We will arrive at this result
by using the symplectic structure of Alekseev and Shatashvili [29,53], allowing us to compute
the semi-classical expectation value of commutators of the relevant operators.
3.2 Semiclassical OTOC and chaos conjecture
As discussed in [53,55], the standard symplectic form ω = ∫ dpi∧dϕ subject to the boundary
conditions considered in section 2.1 gives rise to the Poisson bracket
{f(σ1), f(σ2)}PB = 14T0 ⎛⎝sinh (2
√
T0λ(σ1, σ2))
sinh (2pi√T0) − λ(σ1, σ2)pi ⎞⎠ , (3.13)
λ(σ1, σ2) = f(σ1) − f(σ2) − pi(σ1 − σ2)
between two Schwarzian soft modes. Here (x) = 2n+1, x ∈ (2pin,2pi(n+1)) is the stair step
function, which will play no further role in our analysis, while T0 is the constant representative
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defined in (2.19). For large separation σ1 − σ2 and evaluated on the saddle point (3.4), this
Poisson bracket takes the simple form
{f(σ1), f(σ2)}PB ∼ sinh(2
√
2E
C T0(σ1 − σ2))
4T0 sinh (2pi√T0) (3.14)
Using to the standard Dirac quantization prescription, this then allows us to compute the
semi-classical commutator
[f(σ1), f(σ2)]s.c. = −ih̵{f(σ1), f(σ2)}PB (3.15)
where we have of course h̵ = 1/C by comparing to the action (1.1). We now explain how this
allows us to extract the quantum Lyapunov exponent with respect to our pure states ∣Ψ⟩.
The quantum Lyapunov exponent is diagnosed from a correlation function with four time
insertions of the type
GOTO`1,`2 (t1, t2, t3, t4) = ⟨Ψ∣O`1(t1, t2)O`2(t3, t4)∣Ψ⟩, (3.16)
where the Lorentzian times are ordered, such that t1 < t3 < t2 < t4. This can be obtained as
an analytic continuation from the Euclidean correlation function ⟨Ψ∣O(σ1, σ2)O(σ3, σ4)∣Ψ⟩
by defining16
σi = iti + i , with 1 < 3 < 2 < 4 (3.17)
The resulting correlation function then depends on the precise analytical structure of the
correlator as a function of complex time insertions. The problem was solved in [38] for the
thermal OTO by appealing to the R-matrix of Ponsot and Teschner [71] together with a
plausible ansatz about its behavior in the semiclassical limit. In order to find the OTO in
eigenstates we take a different route, which also applies to the thermal case, where it agrees
with the answer found in [38]. It would be interesting to further understand how these two
methods are related.
Thanks to the semi-classical results we established above, in conjunction with the sym-
plectic form (3.14), we can sidestep this somewhat involved procedure. Before we de-
scribe this argument let us introduce some notation. For the purposes of being explicit
about analytic continuation it is often useful to formally split up a bilocal operator asO`(σ1, σ2) ∼ V (σ1)V (σ2), and thus denote the corresponding correlation function
⟨O`1(σ1, σ2)O`2(σ3, σ4)⟩ ⇔ ⟨V (σ1)V (σ2)W (σ3)W (σ4)⟩ . (3.18)
16In the thermal case one instead often displaces the Lorentzian times a quarter turn around the thermal
circle
σ1 = −β
4
+ it1 , σ2 = β
4
+ it1 , σ3 = −β
4
+ it2 , σ4 = β
4
+ it2 .
One could consider a similar arrangement by inserting the ETH temperature associated with the pure state,
but the above arrangement appears more natural in our context.
20
{f(⌧2), f(⌧3)}PB
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⌧2
<latexit sha1_base64="ZRo01a1qm+P9gRHnQjw /ND701Ws=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4 kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGC pS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXaRZr9orlf2KPwdZJUFOypCj3it9dfuaZQlXy CS1thP4KYYTalAwyafFbmZ5StmIDnjHUUUTbsPJ/NopOXdKn8TauFJI5urviQlNrB0nketMKA7tsjcT/ /M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI9ythA2poQxdQEUXQrD88ippViuBXwnuL8u1mzyOA pzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kDSoGO7Q==</latexit><latexit sha1_base64="ZRo01a1qm+P9gRHnQjw /ND701Ws=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4 kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGC pS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXaRZr9orlf2KPwdZJUFOypCj3it9dfuaZQlXy CS1thP4KYYTalAwyafFbmZ5StmIDnjHUUUTbsPJ/NopOXdKn8TauFJI5urviQlNrB0nketMKA7tsjcT/ /M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI9ythA2poQxdQEUXQrD88ippViuBXwnuL8u1mzyOA pzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kDSoGO7Q==</latexit><latexit sha1_base64="ZRo01a1qm+P9gRHnQjw /ND701Ws=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4 kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGC pS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXaRZr9orlf2KPwdZJUFOypCj3it9dfuaZQlXy CS1thP4KYYTalAwyafFbmZ5StmIDnjHUUUTbsPJ/NopOXdKn8TauFJI5urviQlNrB0nketMKA7tsjcT/ /M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI9ythA2poQxdQEUXQrD88ippViuBXwnuL8u1mzyOA pzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kDSoGO7Q==</latexit><latexit sha1_base64="ZRo01a1qm+P9gRHnQjw /ND701Ws=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4 kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGC pS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXaRZr9orlf2KPwdZJUFOypCj3it9dfuaZQlXy CS1thP4KYYTalAwyafFbmZ5StmIDnjHUUUTbsPJ/NopOXdKn8TauFJI5urviQlNrB0nketMKA7tsjcT/ /M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI9ythA2poQxdQEUXQrD88ippViuBXwnuL8u1mzyOA pzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kDSoGO7Q==</latexit>
⌧3
<latexit sha1_base64="djc6zcGc7Yq7nl7cf9K X19wkaM8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhNnJbDJmdmaZ6RVCyD948 aCIV//Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdB UreSg2nSSR5MxreTv3mEzdWaPWAo5SHCe0rEQtG0UmNDtKse9Etlf2KPwNZJkFOypCj1i19dXqaZQlXy CS1th34KYZjalAwySfFTmZ5StmQ9nnbUUUTbsPx7NoJOXVKj8TauFJIZurviTFNrB0lketMKA7sojcV/ /PaGcbX4VioNEOu2HxRnEmCmkxfJz1hOEM5coQyI9ythA2ooQxdQEUXQrD48jJpnFcCvxLcX5arN3kcB TiGEziDAK6gCndQgzoweIRneIU3T3sv3rv3MW9d8fKZI/gD7/MHTAWO7g==</latexit><latexit sha1_base64="djc6zcGc7Yq7nl7cf9K X19wkaM8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhNnJbDJmdmaZ6RVCyD948 aCIV//Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdB UreSg2nSSR5MxreTv3mEzdWaPWAo5SHCe0rEQtG0UmNDtKse9Etlf2KPwNZJkFOypCj1i19dXqaZQlXy CS1th34KYZjalAwySfFTmZ5StmQ9nnbUUUTbsPx7NoJOXVKj8TauFJIZurviTFNrB0lketMKA7sojcV/ /PaGcbX4VioNEOu2HxRnEmCmkxfJz1hOEM5coQyI9ythA2ooQxdQEUXQrD48jJpnFcCvxLcX5arN3kcB TiGEziDAK6gCndQgzoweIRneIU3T3sv3rv3MW9d8fKZI/gD7/MHTAWO7g==</latexit><latexit sha1_base64="djc6zcGc7Yq7nl7cf9K X19wkaM8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhNnJbDJmdmaZ6RVCyD948 aCIV//Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdB UreSg2nSSR5MxreTv3mEzdWaPWAo5SHCe0rEQtG0UmNDtKse9Etlf2KPwNZJkFOypCj1i19dXqaZQlXy CS1th34KYZjalAwySfFTmZ5StmQ9nnbUUUTbsPx7NoJOXVKj8TauFJIZurviTFNrB0lketMKA7sojcV/ /PaGcbX4VioNEOu2HxRnEmCmkxfJz1hOEM5coQyI9ythA2ooQxdQEUXQrD48jJpnFcCvxLcX5arN3kcB TiGEziDAK6gCndQgzoweIRneIU3T3sv3rv3MW9d8fKZI/gD7/MHTAWO7g==</latexit><latexit sha1_base64="djc6zcGc7Yq7nl7cf9K X19wkaM8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhNnJbDJmdmaZ6RVCyD948 aCIV//Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdB UreSg2nSSR5MxreTv3mEzdWaPWAo5SHCe0rEQtG0UmNDtKse9Etlf2KPwNZJkFOypCj1i19dXqaZQlXy CS1th34KYZjalAwySfFTmZ5StmQ9nnbUUUTbsPx7NoJOXVKj8TauFJIZurviTFNrB0lketMKA7sojcV/ /PaGcbX4VioNEOu2HxRnEmCmkxfJz1hOEM5coQyI9ythA2ooQxdQEUXQrD48jJpnFcCvxLcX5arN3kcB TiGEziDAK6gCndQgzoweIRneIU3T3sv3rv3MW9d8fKZI/gD7/MHTAWO7g==</latexit>⌧4
<latexit sha1_base64="lgFVdGG6onmZqivD4bw aJ7unzdA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7Bi wdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINF Ch5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u0iz3mWvXPGr/hxklQQ5qUCOeq/81e1rliVcI ZPU2k7gpxhOqEHBJJ+WupnlKWUjOuAdRxVNuA0n82un5MwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/ M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0AZVcCMHyy6ukeVEN/Gpwf1mp3eRxF OEETuEcAriCGtxBHRrA4BGe4RXePO29eO/ex6K14OUzx/AH3ucPTYmO7w==</latexit><latexit sha1_base64="lgFVdGG6onmZqivD4bw aJ7unzdA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7Bi wdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINF Ch5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u0iz3mWvXPGr/hxklQQ5qUCOeq/81e1rliVcI ZPU2k7gpxhOqEHBJJ+WupnlKWUjOuAdRxVNuA0n82un5MwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/ M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0AZVcCMHyy6ukeVEN/Gpwf1mp3eRxF OEETuEcAriCGtxBHRrA4BGe4RXePO29eO/ex6K14OUzx/AH3ucPTYmO7w==</latexit><latexit sha1_base64="lgFVdGG6onmZqivD4bw aJ7unzdA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7Bi wdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINF Ch5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u0iz3mWvXPGr/hxklQQ5qUCOeq/81e1rliVcI ZPU2k7gpxhOqEHBJJ+WupnlKWUjOuAdRxVNuA0n82un5MwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/ M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0AZVcCMHyy6ukeVEN/Gpwf1mp3eRxF OEETuEcAriCGtxBHRrA4BGe4RXePO29eO/ex6K14OUzx/AH3ucPTYmO7w==</latexit><latexit sha1_base64="lgFVdGG6onmZqivD4bw aJ7unzdA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7Bi wdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINF Ch5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1u0iz3mWvXPGr/hxklQQ5qUCOeq/81e1rliVcI ZPU2k7gpxhOqEHBJJ+WupnlKWUjOuAdRxVNuA0n82un5MwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/ M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0AZVcCMHyy6ukeVEN/Gpwf1mp3eRxF OEETuEcAriCGtxBHRrA4BGe4RXePO29eO/ex6K14OUzx/AH3ucPTYmO7w==</latexit>
⌧1
<latexit sha1_base64="CKixu0aouGnda/jFa2QeXSGeFM8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eB oPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYR Sc1u0izXtArV/yqPwdZJUFOKpCj3it/dfuaZQlXyCS1thP4KYYTalAwyaelbmZ5StmIDnjHUUUTbsPJ/NopOXNKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI 9ythA2poQxdQCUXQrD88ippXlQDvxrcX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyB9/kDSP2O7A==</latexit><latexit sha1_base64="CKixu0aouGnda/jFa2QeXSGeFM8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eB oPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYR Sc1u0izXtArV/yqPwdZJUFOKpCj3it/dfuaZQlXyCS1thP4KYYTalAwyaelbmZ5StmIDnjHUUUTbsPJ/NopOXNKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI 9ythA2poQxdQCUXQrD88ippXlQDvxrcX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyB9/kDSP2O7A==</latexit><latexit sha1_base64="CKixu0aouGnda/jFa2QeXSGeFM8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eB oPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYR Sc1u0izXtArV/yqPwdZJUFOKpCj3it/dfuaZQlXyCS1thP4KYYTalAwyaelbmZ5StmIDnjHUUUTbsPJ/NopOXNKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI 9ythA2poQxdQCUXQrD88ippXlQDvxrcX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyB9/kDSP2O7A==</latexit><latexit sha1_base64="CKixu0aouGnda/jFa2QeXSGeFM8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eB oPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYR Sc1u0izXtArV/yqPwdZJUFOKpCj3it/dfuaZQlXyCS1thP4KYYTalAwyaelbmZ5StmIDnjHUUUTbsPJ/NopOXNKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI 9ythA2poQxdQCUXQrD88ippXlQDvxrcX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3sv3rv3sWgtePnMMfyB9/kDSP2O7A==</latexit>
⌧2
<latexit sha1_base64="ZRo01a1qm+P9gRHnQjw/ND701Ws=">AAAB7XicbVDLSgNBEOz1GeMr6tHLY BA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMo pOaXaRZr9orlf2KPwdZJUFOypCj3it9dfuaZQlXyCS1thP4KYYTalAwyafFbmZ5StmIDnjHUUUTbsPJ/NopOXdKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI 9ythA2poQxdQEUXQrD88ippViuBXwnuL8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kDSoGO7Q==</latexit><latexit sha1_base64="ZRo01a1qm+P9gRHnQjw/ND701Ws=">AAAB7XicbVDLSgNBEOz1GeMr6tHLY BA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMo pOaXaRZr9orlf2KPwdZJUFOypCj3it9dfuaZQlXyCS1thP4KYYTalAwyafFbmZ5StmIDnjHUUUTbsPJ/NopOXdKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI 9ythA2poQxdQEUXQrD88ippViuBXwnuL8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kDSoGO7Q==</latexit><latexit sha1_base64="ZRo01a1qm+P9gRHnQjw/ND701Ws=">AAAB7XicbVDLSgNBEOz1GeMr6tHLY BA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMo pOaXaRZr9orlf2KPwdZJUFOypCj3it9dfuaZQlXyCS1thP4KYYTalAwyafFbmZ5StmIDnjHUUUTbsPJ/NopOXdKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI 9ythA2poQxdQEUXQrD88ippViuBXwnuL8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kDSoGO7Q==</latexit><latexit sha1_base64="ZRo01a1qm+P9gRHnQjw/ND701Ws=">AAAB7XicbVDLSgNBEOz1GeMr6tHLY BA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMo pOaXaRZr9orlf2KPwdZJUFOypCj3it9dfuaZQlXyCS1thP4KYYTalAwyafFbmZ5StmIDnjHUUUTbsPJ/NopOXdKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcbX4USoNEOu2GJRnEmCmsxeJ31hOEM5doQyI 9ythA2poQxdQEUXQrD88ippViuBXwnuL8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kDSoGO7Q==</latexit>
⌧3
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Figure 4: Illustration of our computation of the semiclassical OTO by saddle point. In order
to get the operator in OTO order as shown, we must twist two of the insertions around each
other. Quantum mechanically this corresponds to the ’second-sheet’ analytic continuation
from Euclidean to Lorentzian times and is equivalent to the insertion of a commutator[f(σ1), f(σ2)] when writing the operators in terms of integrals over the Goldstone mode f .
This commutator can be computed semiclassically using the AS symplectic form to generate
the Poisson bracket {f(σ1), f(σ2)} living on the appropriate Virasoro coadjoint orbit (Details
in section 3.2).
This is simply a formal device that makes clear that we may consider any ordering of
(Lorentzian) time insertions on all legs, such as the time ordered arrangement t1 < t2 < t3 < t4,
or the out-of-time ordered one t1 < t3 < t2 < t3. The order of arranging the ‘split’ bilocals
simply expresses the corresponding time-order of the 2n times of a correlation function of n
bilocal operators.
With this formal device in place, the difference between a time-ordered and an out-of-
time-order correlation function is given by the insertion of a commutator
GTO`1`2(t1, t3, t2, t4) −GOTO`1`2 (t1, t2, t3, t4) = ⟨W (t1) [W (t3), V (t2)]V (t4)⟩ (3.19)
This relation is elementary, but we can also understand it in terms of the analytic continua-
tion from the Euclidean correlator. The difference between the continuation to a time-ordered
and an out-of-time order configuration of Lorentzian times is due to crossing a branch cut in
the complex σ plane. The discontinuity across the cut is, once again, given by the insertion
of the commutator in the correlation function. We can view the construction of the OTOC
from a TOC as a braiding operation, as illustrated in Figure 4.
In the case at hand, we can evaluate the commutator by using the Poisson bracket (3.14)
together with the various semiclassical saddle points relevant to our pure states (3.4). We
thus have
GTO`1`2 −GOTO`1`2 = 1C δO`1δf(t2) δO`2δf(t3) {f(t2), f(t3)}PB
RRRRRRRRRRRf=fsaddle
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∼ 1
C
sinh
⎛⎝2piθ
√
2E
C
t23
⎞⎠ (3.20)
The tilde in this expression denotes a time-independent proportionality factor, which in-
cludes the normalization of the symplectic form (3.14) 1/ sin(piθ) in the denominator. This
factor diverges at the parabolic orbit θ = 1. We implicitly regulate this UV divergence by
introducing an  factor, which we view as analogous to the divergent prefactor in [72]. This
expression thus tells us that the OTO correlation function behaves maximally chaotically at
the appropriate eigenstate temperature
⟨Ψ∣O`1(t1, t2)O`1(t3, t4)∣Ψ⟩OTO ∼ 1 − #C eλt23 , with λ = 2pi/βΨ (3.21)
where ∣Ψ⟩ is either ∣E(k)⟩ or one of the coherent states ∣Er⟩ for r < √2. The former corre-
sponds to parabolic and the latter to elliptic monodromy of the associated Hill’s equation.
On the other hand, if we dial the parameter r characterizing the boundary state through
rc = √2 we find the non-ergodic OTOC
⟨Er ∣O`1(t1, t2)O`1(t3, t4)∣Er⟩OTO ∼ 1 − #C eiλt23 , with λ = 2pi
√
2E
C
p (3.22)
for θ = ip ∈ iR. We have thus uncovered a phase transition in the scrambling behavior
of the Schwarzian theory17, whereby the model changes from maximally chaotic behavior
with exponentially growing OTOCs to a phase that does not scramble at all and the OTOC
behaves in an oscillatory fashion. As was remarked in an analogous two-dimensional CFT
context, this is an analytical example of a transition between an ergodic and a non-ergodic
phase and as such deserves further study.
3.3 An alternative derivation
For the expectation values with respect to the FZZT density operator ρ = ∣Er⟩⟨Er ∣ we can
obtain the chaos exponent directly from a perturbative quantization of the action (2.28).
Since this discussion parallels that in [21, 69, 74], who computed the chaos exponent in
thermal states excited by a heavy operator, we will be brief. The idea is to expand the
action appearing in the exponent of (2.28) in fluctuations
f(σ) = tan( pi
βeff
(σ + ε(σ))) , (3.23)
where βeff is the effective temperature defined in (1.5). We then compute the Euclidean
correlation function of two bilocals ⟨O`1(σ1, σ2)O`2(σ3, σ4)⟩ using the propagator of the fluc-
tuation ⟨ε(σ)ε(σ′)⟩ given, for example, in [1, 8]. The leading perturbative result, continued
into the chaos region reads
⟨O`1(σ1, σ2)O`2(σ3, σ4)⟩⟨O`1(σ1, σ2)⟩⟨O`2(σ3, σ4)⟩ ∼ −2pi sin (
pi
βeff
(σ1 + σ2 − σ3 − σ4)) + . . .
sin (pi σ12βeff ) sin (pi σ34βeff ) (3.24)
17And thus also in the IR limit of the SYK model and related many-body systems [4–6,73]
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Figure 5: The configuration of various insertions on the two-dimensional complex plane that
evaluates the bilocal two-point functions with ZZ and FZZT boundary conditions. Operators
B are those that impose the ZZ and FZZT boundary conditions on positive and negative
real axis respectively. While the tilde-operators are the mirror operators after the doubling
trick.
σ1,2→it±12ÐÐÐÐÐÐ→
σ3,4→±34 1 − #C sinh (
2pi
βeff
t)
1234
+ . . . (3.25)
In the above expressions the ellipsis denotes subleading corrections to exponential behaviour
and 12, 34 originate from the continuation procedure, as indicated. We are keeping them
in the final result to play the role of UV regulators [72]. In the second line we have added
the leading disconnected contribution which is always present. From this expression we
deduce, again, that λ = 2piβeff , i.e. that the coherent states are maximally scrambling at the
effective temperature deduced from ETH. Of course we must ensure to be in the ergodic
region (r < √2) for this result to hold.
We now describe a computation that exploits the boundary-CFT perspective of [31, 32]
together with [20] to give yet another derivation of the result above.
As pointed out in [17], the dimensionless coupling of the Schwarzian theory is ∼ C/β,
and thus the large−C limit is equivalent to a high-temperature limit at fixed C. One may
then take the high-temperature limit directly in the Liouville theory before descending to
the Schwarzian [17]. We thus want to calculate the two-point function of the Liouville vertex
operator in the UHP with appropriate boundary conditions on the real axis. Recall that
the boundary states ∣Er⟩ correspond to ZZ boundary conditions on the positive real axis
and FZZT boundary conditions on the negative real axis. This means that we are really
evaluating a six-point function on the plane in the geometry shown in Figure 5. There are
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boundary operators implementing the ZZ and FZZT boundary conditions at the origin and at
infinity, as well as the two physical operators in the UHP and their two mirror operators in the
LHP. We formally allow the mirror operators’ positions to be arbitrary, as indicated in Figure
5. In this way each pair of mirror operators descends to an operator of the type O`(σ1, σ2)
in the Schwarzian limit, notably admitting two arbitrary time insertions (σ2 ≠ −σ1). It was
shown in [20], under the assumption of identity dominance, that such a six-point function
reduces to an effectively thermal result for the four-point function of the vertex operators
alone. In the present context identity dominance is no longer an assumption, as it follows
from the OPE coefficients of boundary Liouville theory [31, 32]. Hence we evaluate the
correlation function by contracting each operator with its mirror operator into the identity,
using the boundary OPE derived in [31, 32] and like-wise contract the boundary operators
into the identity with the result
⟨O`1(σ1, σ2)O`2(σ3, σ4)⟩TOr⟨O`1(σ1, σ2)⟩r⟨O`2(σ3, σ4)⟩r = J(z)(1 − z)2∆`1Fid [∆`1∆`1 ∆`2∆`2 ; 1 − z] . (3.26)
Here the conformal block is evaluated on the thermal coordinate [20, 75] zi = ei 2piβeff σi so
that the cross ratio takes the form z = sin( piβeff σ13) sin( piβeff σ24)
sin( pi
βeff
σ23) sin( piβeff σ14) and J is the Jacobian for the
coordinate transformation σi → zi [20] whose specific form plays no further role in this
analysis. Contracting each operator with its mirror operator means that z → 1. Under the
same analytic continuation as above we obtain
1 − z σ1,2→it±12ÐÐÐÐÐÐ→
σ3,4→±34 −pi21234β2eff e− 2piβeff t (3.27)
Furthermore, in order to move from the Euclidean configuration of the σi to the Lorentzian
OTO configuration imposed by the i, we moved the cross ratio around the branch point at
z = 1, so that now the block is evaluated on the second sheet [20, 72]. In the Schwarzian
limit, this gives again, to leading order
⟨O`1(σ1, σ2)O`2(σ3, σ4)⟩OTOr⟨O`1(σ1, σ2)⟩r⟨O`2(σ3, σ4)⟩r = 1 − #C1234 e 2piβeff t +⋯ (3.28)
Thus once again we find the maximally chaotic behavior (3.21) of the OTOC in pure states.
As in (3.25) we should keep in mind that the exponential behavior is true so long as we
stay in the range r < √2. For r > √2 the effective temperature becomes imaginary, and the
OTOC oscillates.
The recent papers [21,69] consider a closely related18 computation in the context of two-
dimensional CFT: they insert two heavy operators at spatial infinity into an already thermal
system. The resulting configuration is then again approximately thermal, but at the modified
18In fact the effective-field-theory of the identity block [76, 77] employed in [21] makes the analogy even
closer, taking the form of a Schwarzian-like description for this object.
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temperature βeff , depending on the heavy state insertions. The scrambling exponent found
in [21,69] takes on the value 2pi/βeff with respect to this effective temperature, in accordance
with the results we find for the Schwarzian theory.
4 Exact results
In this section we describe how to obtain the exact results for the Schwarzian correlation
functions we discussed above semi-classically. We will also show that these expression result
from a suitable semi-classical expansion of the full answers, giving a second independent
derivation of our results on eigenstates and the behavior of correlation functions therein.
Our main technical vehicle to obtain full exact expressions for correlation functions is the
descent construction described in section 2.1, in other words we will find the Schwarzian
answers as limits of those obtained in boundary Liouville theory using the identities (2.39)
and (2.41).
4.1 Computations between ZZ branes
We now use the boundary state perspective to find the one and two-point functions of bilocal
operators in the presence of Dirichlet boundary conditions. This will allow us to confirm our
semiclassical expectations above, as well as to show the maximal eigenstate chaos conjecture
once more from a different perspective. One and two-point functions with Dirichlet conditions
have previously been computed by [17, 38]. We repeat these calculations for two reasons:
firstly to extend those results to include extended ETH as well as the chaos exponent in
eigenstates; and secondly, to express everything in our own conventions 19 before moving on
to the general case including FZZT states.
4.1.1 Bilocal one-point function ⟨ZZ∣V`(x, x¯)∣ZZ⟩
We are interested in evaluating a particular case of (2.41) with only one operator insertion.
Recall, the ZZ-wavefunction can be written as, (2.36),
ΨZZ(P ) ∶= ⟨ZZ∣P ⟩ = 23/42ipiP (γ(b2)
8b2
)− iPb 1
Γ (1 − 2iP b)Γ (1 − 2 iPb ) . (4.1)
Putting together the ingredients we assembled in subsection 2.3, the expression for the
expectation value ⟨ZZ∣V`(z, z¯)∣ZZ⟩ reads in full detail
23/2 pi2∫ dP 2 dR2 (γ(b2)8b2 )
iP−R
b
Γ (1 + 2ibP )Γ (1 + 2iPb )Γ (1 − 2ibR)Γ (1 − 2iRb ) ⟨νR∣V`(z, z¯) ∣νP ⟩ (4.2)
19A caveat for the reader interested in reproducing the detailed calculations: our conventions are fully
aligned with [32], but differ in some places from the ones used in [17,38].
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Let us now start simplifying this expression, starting with the matrix element of the vertex
operator between primary states,
⟨νR∣V`(x, x¯) ∣νP ⟩ = ⟨νR∣e− 4pia (β2 −σ)L0V`e− 4pia σL0 ∣νP ⟩= e− 2βpia ∆Re− 4pia σ(∆P−∆R) ⟨νR∣V`(0,0) ∣νP ⟩= e− 2βpia ∆Re− 4pia σ(∆P−∆R) 1
2b
∫ dϕ ⟨νR∣ ϕ⟩⟨ϕ ∣νP ⟩ e2`ϕ
(4.3)
where, w, w¯ = τ ± iσ are the coordinates on the open string; and, x, x¯ = −iτ ±σ = −iw,−iw¯ are
the coordinates on the dual closed string. We have also used the fact that we are working
with a chiral-CFT with only the holomorphic sector. The projection of the wavefunctions
on the ϕ-basis is given by [32],
⟨νR∣ ϕ⟩ = 2(8b4)−iRb
Γ (2iRb ) K−2iRb ( e
ϕ/2√
2b2
) ,
⟨ϕ ∣νP ⟩ = 2 (8b4)iPb
Γ (−2iPb ) K2iPb ( e
ϕ/2√
2b2
) .
(4.4)
Thus the matrix element boils down to
⟨νR∣V`(x, x¯) ∣νP ⟩ = 1
2b
(8b4)2`+iP−Rb Γ (2` ± ib(P ±R))
Γ (−2iPb )Γ (2iRb )Γ(4`) e− 2βpia ∆Re− 4pia σ(∆P−∆R) . (4.5)
In view of our descent to the 1D Schwarzian theory, we need to additionally make the change
of variables, P = bp,R = b r, since, from this point of view, we are interested in the b → 0
limit. Recall that the operator insertions in Liouville theory corresponding to the bilocal
operator insertions in the 1D theory are of the form,
V`(x, x¯) = e2`ϕ under 1D reductionÐÐÐÐÐÐÐÐÐÐÐÐ→ ⎛⎝
√
f ′(σ)f ′(−σ)∣f(σ) − f(−σ)∣⎞⎠
2`
(4.6)
For the most part we are interested in operators satisfying ` ∼ O(1), in which case the
conformal dimension of the 2D vertex operator is ∆` = 2b` (Q − 2b`). Since we want the
boundary states to be of similar energies as the insertions themselves, ∆P ∼ ∆` ⇒ P ∼±Q2 ∓ 2b`.20 Up to the constant shift, Q2 , which will not matter, we get P ∼ O(b). Now
we reinsert the expression for the matrix element into the full expectation value (4.2). In
anticipation of the b → 0 limit to come, we already restrict the Ishibashi states to their
leading term (the primary state) and write
⟨ZZ∣V`(x, x¯)∣ZZ⟩ = 21/2b3 (8b4)2`∫ dp2 dr2 sinh(2pip) sinh(2pir) e− 2βpia (Q24 +b2r2)e 4pia σ b2(r2−p2)
20More accurately, we want to insert a complete set of states for the 1-dimensional theory, which is equivalent
to insertion of ZZ branes with energies scaled as described here. On the other hand, as we will see in the
next section, the insertion of FZZT states is equivalent to choosing a ‘heavy’ state.
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× Γ (2` ± i(p ± r))
Γ(4`)
⎧⎪⎪⎪⎨⎪⎪⎪⎩
(b2γ(b2))i(p−r)
Γ (1 + 2ib2p)Γ (1 − 2ib2r)
⎫⎪⎪⎪⎬⎪⎪⎪⎭ .
We can now straightforwardly take the limit b → 0 of the above expression, giving the final
result for the expectation value in the form,
⟨ZZ∣V`(x, x¯)∣ZZ⟩ = 21/2b3 (8b4)2` e−piβQ24a ∫ dp2dr2 e2pi(p+r) e− β2C r2e σC (r2−p2) Γ (2` ± i(p ± r))
Γ(4`) .
(4.7)
In writing (4.7) we have made use of the p → −p and r → −r symmetries of the integrand to
convert the hyperbolic sine contributions into exponentials. The expression (4.7) is our final
result for the exact one-point function.
The zero (1-dimensional) temperature limit of the answer is given by taking β →∞. In
this limit, the r integral condenses to r = 0. Consequently,
⟨ZZ∣V`(x, x¯)∣ZZ⟩β→∞ = ⟨O`(2σ,0)⟩β→∞ ∼ ∫ dp2 e2pip e− σC p2 Γ2 (2` ± i(p))
Γ(4`) , (4.8)
which matches the answer earlier derived in [17,38,67,68].
One can instead compute the correlation functions in the eigenstates, ∣E(l)⟩ ∶= ∣l⟩ of the
Schwarzian theory by first projecting out from the superposition of ∣r⟩ states any state with
energy less than l2/2C. This is achieved by cutting off the r integral as follows,
⟨l∣O`(2σ,0)∣l⟩β→∞ ∼ lim
β→∞∫ dp2∫∣r∣≥∣l∣ dr2 e2pi(p+r) e−
β
2C
r2e
σ
C
(r2−p2) Γ (2` ± i(p ± r))
Γ(4`)
∼ l sinh(2pil)∫ dp2e2pip− σC (p2−l2) Γ (2` ± i(p ± l))
Γ(4`)
(4.9)
One can think of this cut-off prescription as follows: an ensemble of states,
ρ = e−βH ∣Ψ⟩⟨Ψ∣ β→∞ÐÐ→ ∣Elow⟩⟨Elow∣ (4.10)
where ∣Elow⟩ is the lowest energy state that appears in the wavefunction ∣Ψ⟩. By introducing
the cut-off we work with a wavefunction whose lowest energy state is the one corresponding to
Elow = E(l) = l2/(2C). Taking β →∞ with the original ZZ wavefunction gives us the vacuum
expectation value, (4.8), because the lowest energy state in ZZ-wavefunction corresponds to
l = 0.
Semiclassical limit
Next, let us evaluate the integral appearing in (4.7) in the C ∼ a/b2 → ∞ limit using the
saddle point analysis. We start by performing the following change of variables, p + r = aM
b2
and p− r = ω. To evaluate this integral, one may integrate ω exactly, noting that is precisely
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a Mellin-Barnes type integral, [78] and then solve the remaining M integral via saddle point.
Keeping only the leading terms as C →∞ we find
M∗ = 2a
β
(4.11)
Finally, the semiclassical limit of the correlation function becomes
⟨ZZ∣V`(x, x¯)∣ZZ⟩ ∼ 23/2M2∗
2b
(8b4)2` 1
2b2
(2pie 2Cpi2β )⎛⎜⎝ 12 sin (2piβ σ)
⎞⎟⎠
4`
. (4.12)
To analyze the operator expectation value in the high energy eigenstates, let us consider
(4.9) with l ∼ O(C). In this case, consider p = l +m,
⟨l∣O`(2σ,0)∣l⟩β→∞
l∼C ∼ l sinh(2pil)∫ dm (l +m)e2pi(l+m)− σC (2lm+m2) Γ (2` ± i(2l +m))Γ (2` ± im)Γ(4`)∼ l2 sinh(2pil)(2l)4`−1∫ dmepim− 2σlmC Γ (2` ± im)
Γ(4`)
∼ ⎛⎝12 1i sin (2pilC σ)⎞⎠
4`
(4.13)
The effective temperature due to the heavy state is given by, Teff = l/C = √2E(l)/C. This is
consistent with the answer that we obtained in (3.7).
4.1.2 Two-point function of light operators ⟨ZZ∣V`2(x2, x¯2)V`1(x1, x¯1)∣ZZ⟩
We have now shown that the insertion of ZZ branes in the 2D picture allows us to study
Schwarzian expectation values either at finite temperature, or using the projection trick,
with respect to the eigenstates of the theory. We now move on to higher-point correlators
of operators of weight O(1) and the interesting physics associated to them. To this end,
we study the time ordered correlation function, ⟨ZZ∣V`2(x2, x¯2)V`1(x1, x¯1)∣ZZ⟩. Because of
the dimensional reduction combined with the doubling trick described in section 2.3, from
the 1-dimensional point of view we get a configuration of bilocal operator insertion with−pi < −σ2 < −σ1 < 0 < σ1 < σ2 < pi. In the Liouville theory the expression of this correlation
function is,
⟨ZZ∣V`2(x2, x¯2)V`1(x1, x¯1)∣ZZ⟩ = 23/2 pi2∫ dP 2 dR2 (piµγ(b2))iP−Rb
Γ (1 + 2ibP )Γ (1 + 2iPb )× ⟨νR∣V`2(x2, x¯2)V`1(x1, x¯1) ∣νP ⟩
Γ (1 − 2ibR)Γ (1 − 2iRb ) (4.14)
which, in 1-dimension, reduces to,
∼∫ dp2 dr2dd2 sinh (2pid) sinh (2pip) sinh (2pir) Γ (2`2 ± i(r ± d))
Γ(4`2) Γ (2`1 ± i(d ± p))Γ(4`1)
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× exp [− 1
2C
(βr2 + 2σ2(d2 − r2) + 2σ1(p2 − d2))] (4.15)
The Lyapunov exponent for the Schwarzian theory in the thermal ensemble has already
been computed from the OTO two-point function of bilocals in [17, 38] using the ZZ-brane
perspective. Here our main interest is in using the projection trick of section 4.1.1 to instead
compute the Lyapunov exponent with respect to the eigenstate density operator ∣E⟩⟨E∣,
which is the main object of interest in this paper. Applying the projection trick discussed
previously to (4.15) results in the expression,
∼ lim
β→∞∫ dp2dd2∫∣r∣≥∣l∣ dr2 sinh (2pid) sinh (2pip) sinh (2pir)
Γ (2`2 ± i(r ± d))
Γ(4`2) Γ (2`1 ± i(d ± p))Γ(4`1)
× exp [− 1
2C
(βr2 + 2σ2(d2 − r2) + 2σ1(p2 − d2))]
∼ l sinh (2pil)∫ dp2dd2 sinh (2pid) sinh (2pip) Γ (2`2 ± i(l ± d))
Γ(4`2) Γ (2`1 ± i(d ± p))Γ(4`1)× exp [− 1
2C
(2σ2(d2 − l2) + 2σ1(p2 − d2))] (4.16)
In order to make contact with our semi-classical results on chaos in eigenstate 3.2 we also
need an expression for the OTO version of the above. This can be formally achieved by
insertion the R-matrix of [71], analogous to the thermal case worked out in [38],
⟨ZZ∣V`2(x2, x¯2)V`1(x1, x¯1)∣ZZ⟩OTOC =∫ dpdrdpsdptC(−r,2`2,ps)C(−ps,2`1,p)ΨZZ(br)ΨZZ(−bp)
×Rps pt [ 2`2r 2`1p ]Fpt [ 2`1r 2`2p ; x1x2 ]Fps [ 2`2r 2`1p ; x¯2x¯1 ] (4.17)
where C(y1, y2, y3) is the DOZZ three-point function, [79,80]. After reduction to 1-dimension
we obtain a final answer,
⟨O`2(σ3, σ4)O`1(σ1, σ2)⟩⟨O`2(σ3, σ4)⟩⟨O`1(σ1, σ2)⟩ ∼ ∫ dp2dr2dp2sdp2t sinh(2pip) sinh(2pir) sinh(2pips) sinh(2pipt)×Rpspt [ 2`2r 2`1p ] exp [− 12C (p2(β − σ41) − p2tσ31 − r2σ32 − p2sσ41)]
×√Γ(2`1 ± i(p ± pt))Γ(2`2 ± i(r ± pt))Γ(2`1 ± i(r ± ps))Γ(2`2 ± i(p ± ps))
Γ(4`1)Γ(4`2)
(4.18)
In the above and subsequent equations, we have generalized the placement of the operators
to arbitrary points σi, with the ordering, −β/2 < σ1 < σ2 < σ3 < σ4 < β. The R-matrix,
Rpspt [ 2`2r 2`1p ] is related to the 6-j symbols of SL(2,R). Its expression is rather daunting and
we refer the reader to Appendix B of [38].
However, we can bypass this procedure by appealing to our results in section 3.3 and
express the OTO correlation function in terms of the identity Virasoro block
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⟨O`1(σ1, σ2)O`2(σ3, σ4)⟩⟨O`1(σ1, σ2)⟩⟨O`2(σ3, σ4)⟩ ∼ y2∆`1Fid [∆`1∆`1 ∆`2∆`2 ; y] , (4.19)
where y = 1 − z, as defined in (3.26) and (3.27) above. Note that we had to pass to the
semiclassical limit C → ∞ in order to establish this result. We see, once more, that the
large-C expansion of the full result (4.17) agrees with our direct semiclassical evaluation,
confirming that the eigenstates of the Schwarzian are maximally scrambling with Lyapunov
exponent 2pi/βeff .
4.1.3 Heavy-light two-point function ⟨ZZ∣V`H(x1, x¯1)V`L(x2, x¯2)∣ZZ⟩
We next want to study the effect of inserting heavy operators on the (effective) temperature
as perceived by light operators. We evaluate the 4-point function, (4.15), with a heavy
operator, V`1 = V`H with `H ∼ C and a light operator V`2 = V`L with `L ∼ 1, in the classical
limit to study ETH. Since the dimensionless parameter in our problem is C/β, the classical
zero temperature limit can be taken in two ways: C/β →∞ with β fixed, followed by β →∞;
or, by taking C,β → ∞ simultaneously such that C = C/β is finite followed by C → ∞. We
find that the thermal behaviour of this 4-point function depends on the order of limits.
C/β →∞ with β fixed, followed by β →∞
In this limit, we perform a change of variables r2 = d2+m. Consequently, the p,d integrals are
performed using saddle point analysis while the m integral is done using the Mellin-Barnes
technique discussed above.
∼ ∫ dp2 dd2 d4`L sinh (2pip) sinh (2pid) Γ (2`H ± i(p ± d))
Γ(4`H)
× exp [− 1
2C
(βd2 + 2σ1 (p2 − d2))] × ⎡⎢⎢⎢⎣ dsin ( d2C (β − 2σ2))
⎤⎥⎥⎥⎦
4`L
(4.20)
The saddle point equations, in the variables p and d, of the above integral are,
tan(xω) = − 4ω`sc
4ω˜2 − 4ω2 + `2sc assuming 4ω˜2 − 4ω2 + `2sc ≠ 0 (4.21a)
tan (ω˜(β − x)) = − 4ω˜`sc
4ω2 − 4ω˜2 + `2sc assuming 4ω2 − 4ω˜2 + `2sc ≠ 0 . (4.21b)
For simplicity, here we have scaled the variables as follows,
ω = d
2C
, ω˜ = p
2C
, `sc = 2`H
C
, x = 2σ1 . (4.22)
While these equations are transcendental and thus not exactly solvable, we can find the
solutions for ω, ω˜ is special limits. Note that the solutions of these variables depend on the
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(a) ω (b) ω˜
Figure 6: Plots for increasing values of `sc demonstrate that the solution for ω, ω˜ for a given
x increases with increasing `sc. In the above plot, C = 567.605, β = 2pi. The solution for
x = β is ω = pi/β for all values of `sc. While the solution for x = 0 is ω˜ = pi/β for all values of
`sc.
separation of the heavy insertions, x. We take x = β/2. At this value of x, both equations
are equivalent to
tan(β
2
ω) = −4ω
`sc
. (4.23)
For very large values of `sc, the solutions of this equation are given by,
ωn = 2npi
β
− cn , where, cn = 16pin
β(β`sc + 8) , n ∈ Z ,
⇒ Teff = 1
βeff
= ωn
pi
= 2nT`sc
`sc + 8T . (4.24)
Here, T = 1/β is the background temperature that we began with; Teff = 1/βeff is the effective
temperature perceived by the light operator in the presence of the heavy insertions,
⟨O`HO`LO`LO`H ⟩⟨O`HO`H ⟩ ∼ ⎛⎜⎝ piβeff sin (2piσ2βeff )
⎞⎟⎠
4`L
. (4.25)
The `sc → 0 limit leaves only n = 1 as a physical solution; for all other solutions, `sc → 0 limit
leaves an unphysical ‘residual’ temperature. An observant reader may point out that for low
enough values of `sc, Teff < T , but that is outside the validity of the above approximation.
Moreover, the asymptotic temperature at large `sc provides an upper-bound on the effective
temperature. This is simply because we do not expect an operator with smaller `sc to create
a thermal state at a higher temperature than an operator with higher `sc. The more general
solution for the effective temperature needs to be computed numerically, and can be inferred
from Figure 6. Note that the effective temperature due to the presence of the heavy operators
is always greater than the background temperature, T = 1/β that we start with. However,
the effective temperature uniformly approaches zero as the background temperature T → 0.
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This is similar to the result for the FZZT brane that we obtained in section 3 in that the
effective temperature is proportional to the background temperature.
C = C/β is finite followed by C→∞
Correlation functions in this other limit were studied in [17] and we include their result for
completeness of presentation. In their analysis they found that the four point function (two
point function of the bilinears) does not show ETH, as the correlation function actually
becomes periodic in real time. Written in Euclidean time, they find [17]
⟨O`HO`LO`LO`H ⟩⟨O`HO`H ⟩ ∼ ⎛⎜⎝ piβeff sinh (2piσ2βeff )
⎞⎟⎠
2`L
, βeff = 2pi
`sc
. (4.26)
Drawing analogy with AdS3/CFT2 correspondence, this correlation function behaves like
a correlation function computed in thermal AdS3. It would be interesting to obtain an
analogous bulk interpretation for the case of AdS2.
4.2 Computations between ZZ and FZZT branes
We now use the relationship between 2D Liouville theory and the Schwarzian in the presence
of FZZT branes. This allows us to write down the full Schwarzian correlation functions in
the presence of coherent states of the type (1.4). As we shall see, their leading semiclassical
limits will once more confirm our previous results obtained by other means.
4.2.1 Bilocal one-point function ⟨FZZT∣V`(x, x¯)∣ZZ⟩
In this section we compute the special case of (2.39) with a single operator insertion using
the FZZT-wavefunction given by (2.36),
Ψ
(s)
FZZT (P ) ∶= ⟨FZZT∣P ⟩ = e2ipiPs ⎡⎢⎢⎢⎢⎣− i2piP (γ(b
2)
8b2
)− iPb Γ (1 + 2iP b)Γ(1 + 2 iP
b
)⎤⎥⎥⎥⎥⎦ (4.27)
Recall, the variable s is related to the parameter r that labels the FZZT branes by equation
(2.40). We are now ready to put together all the ingredients to compute the expectation
value of a bilocal operator with respect to the FZZT boundary state. We start by writing
down the full expression for ⟨V`(x, x¯)⟩r ∶= ⟨FZZT∣V`(x, x¯)∣ZZ⟩, which takes the form
⟨V`(x, x¯)⟩r = −23/4∫ dP dR P
R
e2piiRs
(γ(b2)
8b2
)iP−Rb Γ (1 + 2ibR)Γ (1 + 2iRb )
Γ (1 + 2ibP )Γ (1 + 2iPb ) ⟨νR∣V`(x, x¯) ∣νP ⟩
(4.28)
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This expression differs from the pure ZZ one only in the measure factor where, roughly
speaking, a ZZ brane corresponds to an insertion of sinh(2pip), while an FZZT brane corre-
sponds to an insertion of cos(2pip). Once again, using (4.5), and performing the same kind
of manipulations as for the pure ZZ case above, we can write,
⟨V`(x, x¯)⟩r = −23/4
2b
(8b4)2` b2
pi
e−piβQ24a ∫ dp2 dr e2pi(irsˆ+p) e− β2C r2e σC (r2−p2) Γ (2` ± i(p ± r))
Γ(4`) .
(4.29)
Above, we have introduced a rescaled sˆ = s b parameter for the FZZT brane. This scales the
energy of the FZZT brane in an appropriate fashion from the 1D perspective. This can be
easily seen by recalling that s is related to the parameter r in the boundary term, (2.7) by,
cosh2(pibs) = r2
2pib2
sin(pib2)×××Öb→ 0
1+pi2b2s2
2
≈ r2
2
(4.30)
In the b → 0 limit, RHS of the above equation is an O(1) parameter, therefore s ∼ 1b which
justifies our redefinition, s = sˆ/b.
Evaluating (4.29) using the saddle point integration method described above we get,
⟨FZZT∣V`(x, x¯)∣ZZ⟩ ∼ ⎛⎜⎝ 12 sinh (2piβ sˆσ)
⎞⎟⎠
4`
. (4.31)
Since σ is indeed Euclidean time in the Schwarzian theory, this result is thermal for the
orbit when sˆ ∈ iR and non-thermal if sˆ ∈ R. In the former case it is thermal at the effective
temperature βeff = β/sˆ. A similar result in 2D CFT was recently found in [21,69].
We would also like to compute exact correlation function akin to Equation 3.11 above
using these methods from 2D Liouville theory. However, the asymmetry of the configuration
does not render it immediately amenable to employing the doubling trick and requires the
development of the Feynman rules21 in the one-dimensional theory in the presence of insertion
of the FZZT operators discussed in section 2.2. We will investigate these questions in our
future work.
4.2.2 Bilocal two-point function ⟨FZZT∣V`2(x2, x¯2)V`1(x1, x¯1)∣ZZ⟩
Like in the previous case, we next compute the 2-point correlation function of the bilocal
operators. From the perspective of 2-dimensional Liouville theory it is given by,
⟨FZZT∣V`2(x2, x¯2)V`1(x1, x¯1)∣ZZ⟩ = −23/4∫ dP dRPRe2piiRs (piµγ(b2))iP−Rb
21Such Feynman rules are derived for the pure ZZ-ZZ case in [38].
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× Γ (1 + 2ibR)Γ (1 + 2iRb )
Γ (1 + 2ibP )Γ (1 + 2iPb ) ⟨νR∣V`2(x2, x¯2)V`1(x1, x¯1) ∣νP ⟩ , (4.32)
and in 1-dimension, this expression reduces to,
∼∫ drdp2 dd2 e2piirsˆ sinh (2pip) sinh (2pid) Γ (2`2 ± i(r ± d))
Γ(4`2) Γ (2`1 ± i(d ± p))Γ(4`1)× exp [− 1
2C
(βr2 + 2σ2(d2 − r2) + 2σ1(p2 − d2))] . (4.33)
Moreover, we can also compute the out-of-time-ordered correlation functions using the R-
matrices. The exact expression for such an OTOC is given by,
⟨O`2(σ3, σ4)O`1(σ1, σ2)⟩⟨O`2(σ3, σ4)⟩⟨O`1(σ1, σ2)⟩ ∼ ∫ dp2drdp2sdp2t sinh(2pip) cos(2pirsˆ) sinh(2pips) sinh(2pipt)×Rpspt [ 2`2r 2`1p ] exp [− 12C (p2(β − σ41) − p2tσ31 − r2σ32 − p2sσ41)]
×√Γ(2`1 ± i(p ± pt))Γ(2`2 ± i(r ± pt))Γ(2`1 ± i(r ± ps))Γ(2`2 ± i(p ± ps))
Γ(4`1)Γ(4`2)
(4.34)
Once again, we bypass the exact computation of this integral and resort to the analysis of
section 3.2 to argue that the Lyapunov exponent in this scenario will be given by λ = 2pi/βeff
where βeff = β/sˆ.
4.3 Computations between two FZZT branes
Before moving on to the discussions section, for completeness we would like to gather exact
results for correlation functions in the presence of FZZT branes at both ends, proceeding
along similar lines as above.
4.3.1 ⟨FZZT∣V`(x, x¯)∣FZZT⟩
This correlation function corresponds to one with two insertions of FZZT operators as shown
in Figure 7. Using the FZZT wavefunctions in (2.36), we can write this one-point function
of the bilocal operator as follows,
⟨FZZT∣V`(x, x¯)∣FZZT⟩ = 1
4pi2
∫ dP dR 1
PR
e2pii(sR−s′ P ) (γ(b2)
8b2
)iP−Rb
× [Γ (1 + 2ibR)Γ(1 + 2iR
b
)Γ (1 − 2ibP )Γ(1 − 2iP
b
)] ⟨νR∣V`(z, z¯) ∣νP ⟩ .
(4.35)
Once again, using (4.5), we can write,
⟨FZZT∣V`(x, x¯)∣FZZT⟩ = 1
2b
(8b4)2` 1
pi2
e− 2βpia Q24 ∫ dpdr cos(2pisˆr) cos(2pisˆ′p)
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Figure 7: The configuration of the insertions in the case of two FZZT operators.
× Γ (2` ± i(p ± r))
Γ(4`) e− β2C r2e σC (r2−p2) . (4.36)
Above, we have introduced rescaled sˆ, sˆ′ = s b, s′ b parameters for both the FZZT branes.
Lastly, the saddle point evaluation of (4.36) in the C →∞ limit gives,
⟨FZZT∣V`(x, x¯)∣FZZT⟩ ∼ ⎛⎜⎝ 12 sinh (2pisˆ + 2piβ (sˆ′ − sˆ − i)σ)
⎞⎟⎠
4`
. (4.37)
5 Discussion
We have undertaken a detailed study of the behavior of pure states of the Schwarzian theory
as defined by the path integral (1.1). A table showing the different classes of states considered
and their thermal properties is given in Figure 8. Let us briefly review what has been
established. From a many-body perspective this paper should be understood in conjunction
with the numerical results of [15] and the analytical results of [47] to give a complete picture
of the thermal properties of pure states of the SYK model. These studies taken together
explicitly demonstrate the applicability of ETH both for the tower of massive states by
studying the asymptotics of OPE coefficients in [47], as well as for the Schwarzian sector in
the present work, by employing a combination of methods, all of which are ultimately linked
to the Virasoro symmetry which shows up via the orbits of Diff(S1). This is yet another
demonstration of the usefulness of the SYK and SYK-like models as controllable theoretical
laboratories of strongly coupled quantum chaotic systems. At the same time, these models
serve as simple examples of holographic duality and the applicability of ETH has important
implications for the physics of the dual black holes, as discussed in section 1.1.
It is natural to ask whether a more detailed investigation could unearth a story similar
to the case of large−c 2D CFT, where sub-leading corrections necessitate a more refined
analysis of thermalization to the generalized Gibbs ensemble of KdV charges (see, for example
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<latexit sha1_base64="ZKrnkgFugANQ dNwRqzxEL8p3Xh8=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7AbBD0G9eAxgnlAso TZSW8yZPbBTK8kLPkVLx4U8eqPePNvnCR70MSChqKqm+4uP5FCo+N8W4WNza3tneJuaW //4PDIPi63dJwqDk0ey1h1fKZBigiaKFBCJ1HAQl9C2x/fzv32Eygt4ugRpwl4IRtGIh CcoZH6drmHMMGM1u5oIjimCmZ9u+JUnQXoOnFzUiE5Gn37qzeIeRpChFwyrbuuk6CXMY WCS5iVeqmGhPExG0LX0IiFoL1scfuMnhtlQINYmYqQLtTfExkLtZ6GvukMGY70qjcX// O6KQbXXiaiJEWI+HJRkEqKMZ0HQQdCAUc5NYRxJcytlI+YYhxNXCUTgrv68jpp1aquU3 UfLiv1mzyOIjklZ+SCuOSK1Mk9aZAm4WRCnskrebNm1ov1bn0sWwtWPnNC/sD6/AGhMp Qq</latexit><latexit sha1_base64="ZKrnkgFugANQ dNwRqzxEL8p3Xh8=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7AbBD0G9eAxgnlAso TZSW8yZPbBTK8kLPkVLx4U8eqPePNvnCR70MSChqKqm+4uP5FCo+N8W4WNza3tneJuaW //4PDIPi63dJwqDk0ey1h1fKZBigiaKFBCJ1HAQl9C2x/fzv32Eygt4ugRpwl4IRtGIh CcoZH6drmHMMGM1u5oIjimCmZ9u+JUnQXoOnFzUiE5Gn37qzeIeRpChFwyrbuuk6CXMY WCS5iVeqmGhPExG0LX0IiFoL1scfuMnhtlQINYmYqQLtTfExkLtZ6GvukMGY70qjcX// O6KQbXXiaiJEWI+HJRkEqKMZ0HQQdCAUc5NYRxJcytlI+YYhxNXCUTgrv68jpp1aquU3 UfLiv1mzyOIjklZ+SCuOSK1Mk9aZAm4WRCnskrebNm1ov1bn0sWwtWPnNC/sD6/AGhMp Qq</latexit><latexit sha1_base64="ZKrnkgFugANQ dNwRqzxEL8p3Xh8=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7AbBD0G9eAxgnlAso TZSW8yZPbBTK8kLPkVLx4U8eqPePNvnCR70MSChqKqm+4uP5FCo+N8W4WNza3tneJuaW //4PDIPi63dJwqDk0ey1h1fKZBigiaKFBCJ1HAQl9C2x/fzv32Eygt4ugRpwl4IRtGIh CcoZH6drmHMMGM1u5oIjimCmZ9u+JUnQXoOnFzUiE5Gn37qzeIeRpChFwyrbuuk6CXMY WCS5iVeqmGhPExG0LX0IiFoL1scfuMnhtlQINYmYqQLtTfExkLtZ6GvukMGY70qjcX// O6KQbXXiaiJEWI+HJRkEqKMZ0HQQdCAUc5NYRxJcytlI+YYhxNXCUTgrv68jpp1aquU3 UfLiv1mzyOIjklZ+SCuOSK1Mk9aZAm4WRCnskrebNm1ov1bn0sWwtWPnNC/sD6/AGhMp Qq</latexit><latexit sha1_base64="ZKrnkgFugANQ dNwRqzxEL8p3Xh8=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7AbBD0G9eAxgnlAso TZSW8yZPbBTK8kLPkVLx4U8eqPePNvnCR70MSChqKqm+4uP5FCo+N8W4WNza3tneJuaW //4PDIPi63dJwqDk0ey1h1fKZBigiaKFBCJ1HAQl9C2x/fzv32Eygt4ugRpwl4IRtGIh CcoZH6drmHMMGM1u5oIjimCmZ9u+JUnQXoOnFzUiE5Gn37qzeIeRpChFwyrbuuk6CXMY WCS5iVeqmGhPExG0LX0IiFoL1scfuMnhtlQINYmYqQLtTfExkLtZ6GvukMGY70qjcX// O6KQbXXiaiJEWI+HJRkEqKMZ0HQQdCAUc5NYRxJcytlI+YYhxNXCUTgrv68jpp1aquU3 UfLiv1mzyOIjklZ+SCuOSK1Mk9aZAm4WRCnskrebNm1ov1bn0sWwtWPnNC/sD6/AGhMp Qq</latexit>
ETH
<latexit sha1_base64="EIlhcoJvWLpPcnjECr8h3g2jSy4=">AAAB8nicbVBNS8NA EN3Ur1q/qh69LBbBU0lE0GNRhB4rtLXQhrLZTtqlm03YnYgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUc2jxWMa6EzADUihooUAJ nUQDiwIJD8H4duY/PII2IlZNnCTgR2yoRCg4Qyt1ewhPmNG7Zn3aL1fcqjsHXSVeTiokR6Nf/uoNYp5GoJBLZkzXcxP0M6ZRcAnTUi81kDA+ZkPoWqpYBMbP5idP6ZlVBjSMtS2F dK7+nshYZMwkCmxnxHBklr2Z+J/XTTG89jOhkhRB8cWiMJUUYzr7nw6EBo5yYgnjWthbKR8xzTjalEo2BG/55VXSvqh6btW7v6zUbvI4iuSEnJJz4pErUiN10iAtwklMnskreXPQ eXHenY9Fa8HJZ47JHzifP+7mkQI=</latexit><latexit sha1_base64="EIlhcoJvWLpPcnjECr8h3g2jSy4=">AAAB8nicbVBNS8NA EN3Ur1q/qh69LBbBU0lE0GNRhB4rtLXQhrLZTtqlm03YnYgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUc2jxWMa6EzADUihooUAJ nUQDiwIJD8H4duY/PII2IlZNnCTgR2yoRCg4Qyt1ewhPmNG7Zn3aL1fcqjsHXSVeTiokR6Nf/uoNYp5GoJBLZkzXcxP0M6ZRcAnTUi81kDA+ZkPoWqpYBMbP5idP6ZlVBjSMtS2F dK7+nshYZMwkCmxnxHBklr2Z+J/XTTG89jOhkhRB8cWiMJUUYzr7nw6EBo5yYgnjWthbKR8xzTjalEo2BG/55VXSvqh6btW7v6zUbvI4iuSEnJJz4pErUiN10iAtwklMnskreXPQ eXHenY9Fa8HJZ47JHzifP+7mkQI=</latexit><latexit sha1_base64="EIlhcoJvWLpPcnjECr8h3g2jSy4=">AAAB8nicbVBNS8NA EN3Ur1q/qh69LBbBU0lE0GNRhB4rtLXQhrLZTtqlm03YnYgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUc2jxWMa6EzADUihooUAJ nUQDiwIJD8H4duY/PII2IlZNnCTgR2yoRCg4Qyt1ewhPmNG7Zn3aL1fcqjsHXSVeTiokR6Nf/uoNYp5GoJBLZkzXcxP0M6ZRcAnTUi81kDA+ZkPoWqpYBMbP5idP6ZlVBjSMtS2F dK7+nshYZMwkCmxnxHBklr2Z+J/XTTG89jOhkhRB8cWiMJUUYzr7nw6EBo5yYgnjWthbKR8xzTjalEo2BG/55VXSvqh6btW7v6zUbvI4iuSEnJJz4pErUiN10iAtwklMnskreXPQ eXHenY9Fa8HJZ47JHzifP+7mkQI=</latexit><latexit sha1_base64="EIlhcoJvWLpPcnjECr8h3g2jSy4=">AAAB8nicbVBNS8NA EN3Ur1q/qh69LBbBU0lE0GNRhB4rtLXQhrLZTtqlm03YnYgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUc2jxWMa6EzADUihooUAJ nUQDiwIJD8H4duY/PII2IlZNnCTgR2yoRCg4Qyt1ewhPmNG7Zn3aL1fcqjsHXSVeTiokR6Nf/uoNYp5GoJBLZkzXcxP0M6ZRcAnTUi81kDA+ZkPoWqpYBMbP5idP6ZlVBjSMtS2F dK7+nshYZMwkCmxnxHBklr2Z+J/XTTG89jOhkhRB8cWiMJUUYzr7nw6EBo5yYgnjWthbKR8xzTjalEo2BG/55VXSvqh6btW7v6zUbvI4iuSEnJJz4pErUiN10iAtwklMnskreXPQ eXHenY9Fa8HJZ47JHzifP+7mkQI=</latexit>
|E(k)i
<latexit sha1_base64="Ht5pQ5ifcvcY B5DHjJIfgTF6eR8=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegCB4jmAckS5 iddJIhs7PrzGwgrPkOLx4U8erHePNvnCR70MSChqKqm+6uIBZcG9f9dlZW19Y3NnNb+e 2d3b39wsFhXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbATDm6nfGKHSPJIPZhyjH9K+5D 3OqLGS/3RbGp6RtqKyL7BTKLpldwayTLyMFCFDtVP4ancjloQoDRNU65bnxsZPqTKcCZ zk24nGmLIh7WPLUklD1H46O3pCTq3SJb1I2ZKGzNTfEykNtR6Hge0MqRnoRW8q/ue1Et O78lMu48SgZPNFvUQQE5FpAqTLFTIjxpZQpri9lbABVZQZm1PehuAtvrxM6udlzy179x fFynUWRw6O4QRK4MElVOAOqlADBo/wDK/w5oycF+fd+Zi3rjjZzBH8gfP5A8F5kW4=</ latexit><latexit sha1_base64="Ht5pQ5ifcvcY B5DHjJIfgTF6eR8=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegCB4jmAckS5 iddJIhs7PrzGwgrPkOLx4U8erHePNvnCR70MSChqKqm+6uIBZcG9f9dlZW19Y3NnNb+e 2d3b39wsFhXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbATDm6nfGKHSPJIPZhyjH9K+5D 3OqLGS/3RbGp6RtqKyL7BTKLpldwayTLyMFCFDtVP4ancjloQoDRNU65bnxsZPqTKcCZ zk24nGmLIh7WPLUklD1H46O3pCTq3SJb1I2ZKGzNTfEykNtR6Hge0MqRnoRW8q/ue1Et O78lMu48SgZPNFvUQQE5FpAqTLFTIjxpZQpri9lbABVZQZm1PehuAtvrxM6udlzy179x fFynUWRw6O4QRK4MElVOAOqlADBo/wDK/w5oycF+fd+Zi3rjjZzBH8gfP5A8F5kW4=</ latexit><latexit sha1_base64="Ht5pQ5ifcvcY B5DHjJIfgTF6eR8=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegCB4jmAckS5 iddJIhs7PrzGwgrPkOLx4U8erHePNvnCR70MSChqKqm+6uIBZcG9f9dlZW19Y3NnNb+e 2d3b39wsFhXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbATDm6nfGKHSPJIPZhyjH9K+5D 3OqLGS/3RbGp6RtqKyL7BTKLpldwayTLyMFCFDtVP4ancjloQoDRNU65bnxsZPqTKcCZ zk24nGmLIh7WPLUklD1H46O3pCTq3SJb1I2ZKGzNTfEykNtR6Hge0MqRnoRW8q/ue1Et O78lMu48SgZPNFvUQQE5FpAqTLFTIjxpZQpri9lbABVZQZm1PehuAtvrxM6udlzy179x fFynUWRw6O4QRK4MElVOAOqlADBo/wDK/w5oycF+fd+Zi3rjjZzBH8gfP5A8F5kW4=</ latexit><latexit sha1_base64="Ht5pQ5ifcvcY B5DHjJIfgTF6eR8=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMegCB4jmAckS5 iddJIhs7PrzGwgrPkOLx4U8erHePNvnCR70MSChqKqm+6uIBZcG9f9dlZW19Y3NnNb+e 2d3b39wsFhXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbATDm6nfGKHSPJIPZhyjH9K+5D 3OqLGS/3RbGp6RtqKyL7BTKLpldwayTLyMFCFDtVP4ancjloQoDRNU65bnxsZPqTKcCZ zk24nGmLIh7WPLUklD1H46O3pCTq3SJb1I2ZKGzNTfEykNtR6Hge0MqRnoRW8q/ue1Et O78lMu48SgZPNFvUQQE5FpAqTLFTIjxpZQpri9lbABVZQZm1PehuAtvrxM6udlzy179x fFynUWRw6O4QRK4MElVOAOqlADBo/wDK/w5oycF+fd+Zi3rjjZzBH8gfP5A8F5kW4=</ latexit>
ZZ
<latexit sha1_base64="0VlZkrIl2Ki1 1GSUv/ff5MLRqPM=">AAAB8HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBftg2lM 120i7dTcLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu /s7u2XDg4bJk41hzqPZaxbATMgRQR1FCihlWhgKpDQDEY3U7/5CNqIOLrHcQK+YoNIhI IztNJDF+EJs3Z70iuV3Yo7A10mXk7KJEetV/rq9mOeKoiQS2ZMx3MT9DOmUXAJk2I3NZ AwPmID6FgaMQXGz2YHT+ipVfo0jLWtCOlM/T2RMWXMWAW2UzEcmkVvKv7ndVIMr/xMRE mKEPH5ojCVFGM6/Z72hQaOcmwJ41rYWykfMs042oyKNgRv8eVl0jiveG7Fu7soV6/zOA rkmJyQM+KRS1Ilt6RG6oQTRZ7JK3lztPPivDsf89YVJ585In/gfP4AKd+QoQ==</late xit><latexit sha1_base64="0VlZkrIl2Ki1 1GSUv/ff5MLRqPM=">AAAB8HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBftg2lM 120i7dTcLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu /s7u2XDg4bJk41hzqPZaxbATMgRQR1FCihlWhgKpDQDEY3U7/5CNqIOLrHcQK+YoNIhI IztNJDF+EJs3Z70iuV3Yo7A10mXk7KJEetV/rq9mOeKoiQS2ZMx3MT9DOmUXAJk2I3NZ AwPmID6FgaMQXGz2YHT+ipVfo0jLWtCOlM/T2RMWXMWAW2UzEcmkVvKv7ndVIMr/xMRE mKEPH5ojCVFGM6/Z72hQaOcmwJ41rYWykfMs042oyKNgRv8eVl0jiveG7Fu7soV6/zOA rkmJyQM+KRS1Ilt6RG6oQTRZ7JK3lztPPivDsf89YVJ585In/gfP4AKd+QoQ==</late xit><latexit sha1_base64="0VlZkrIl2Ki1 1GSUv/ff5MLRqPM=">AAAB8HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBftg2lM 120i7dTcLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu /s7u2XDg4bJk41hzqPZaxbATMgRQR1FCihlWhgKpDQDEY3U7/5CNqIOLrHcQK+YoNIhI IztNJDF+EJs3Z70iuV3Yo7A10mXk7KJEetV/rq9mOeKoiQS2ZMx3MT9DOmUXAJk2I3NZ AwPmID6FgaMQXGz2YHT+ipVfo0jLWtCOlM/T2RMWXMWAW2UzEcmkVvKv7ndVIMr/xMRE mKEPH5ojCVFGM6/Z72hQaOcmwJ41rYWykfMs042oyKNgRv8eVl0jiveG7Fu7soV6/zOA rkmJyQM+KRS1Ilt6RG6oQTRZ7JK3lztPPivDsf89YVJ585In/gfP4AKd+QoQ==</late xit><latexit sha1_base64="0VlZkrIl2Ki1 1GSUv/ff5MLRqPM=">AAAB8HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBftg2lM 120i7dTcLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu /s7u2XDg4bJk41hzqPZaxbATMgRQR1FCihlWhgKpDQDEY3U7/5CNqIOLrHcQK+YoNIhI IztNJDF+EJs3Z70iuV3Yo7A10mXk7KJEetV/rq9mOeKoiQS2ZMx3MT9DOmUXAJk2I3NZ AwPmID6FgaMQXGz2YHT+ipVfo0jLWtCOlM/T2RMWXMWAW2UzEcmkVvKv7ndVIMr/xMRE mKEPH5ojCVFGM6/Z72hQaOcmwJ41rYWykfMs042oyKNgRv8eVl0jiveG7Fu7soV6/zOA rkmJyQM+KRS1Ilt6RG6oQTRZ7JK3lztPPivDsf89YVJ585In/gfP4AKd+QoQ==</late xit>
parabolic
<latexit sha1_base64="fxq7Z2lCqsHX54yhVhrCa0lhtRY=">AAAB+XicbVBNS8NA EJ34WetX1KOXxSJ4KokIeix68VjBfkAbyma7aZduNmF3Uiyh/8SLB0W8+k+8+W/ctjlo64OBx3szzMwLUykMet63s7a+sbm1Xdop7+7tHxy6R8dNk2Sa8QZLZKLbITVcCsUbKFDy dqo5jUPJW+Hobua3xlwbkahHnKQ8iOlAiUgwilbquW4X+RPmKdU0TKRg055b8areHGSV+AWpQIF6z/3q9hOWxVwhk9SYju+lGORUo2CST8vdzPCUshEd8I6lisbcBPn88ik5t0qf RIm2pZDM1d8TOY2NmcSh7YwpDs2yNxP/8zoZRjdBLlSaIVdssSjKJMGEzGIgfaE5QzmxhDIt7K2EDW0IDG1YZRuCv/zyKmleVn2v6j9cVWq3RRwlOIUzuAAfrqEG91CHBjAYwzO8 wpuTOy/Ou/OxaF1zipkT+APn8wdJ+JQR</latexit><latexit sha1_base64="fxq7Z2lCqsHX54yhVhrCa0lhtRY=">AAAB+XicbVBNS8NA EJ34WetX1KOXxSJ4KokIeix68VjBfkAbyma7aZduNmF3Uiyh/8SLB0W8+k+8+W/ctjlo64OBx3szzMwLUykMet63s7a+sbm1Xdop7+7tHxy6R8dNk2Sa8QZLZKLbITVcCsUbKFDy dqo5jUPJW+Hobua3xlwbkahHnKQ8iOlAiUgwilbquW4X+RPmKdU0TKRg055b8areHGSV+AWpQIF6z/3q9hOWxVwhk9SYju+lGORUo2CST8vdzPCUshEd8I6lisbcBPn88ik5t0qf RIm2pZDM1d8TOY2NmcSh7YwpDs2yNxP/8zoZRjdBLlSaIVdssSjKJMGEzGIgfaE5QzmxhDIt7K2EDW0IDG1YZRuCv/zyKmleVn2v6j9cVWq3RRwlOIUzuAAfrqEG91CHBjAYwzO8 wpuTOy/Ou/OxaF1zipkT+APn8wdJ+JQR</latexit><latexit sha1_base64="fxq7Z2lCqsHX54yhVhrCa0lhtRY=">AAAB+XicbVBNS8NA EJ34WetX1KOXxSJ4KokIeix68VjBfkAbyma7aZduNmF3Uiyh/8SLB0W8+k+8+W/ctjlo64OBx3szzMwLUykMet63s7a+sbm1Xdop7+7tHxy6R8dNk2Sa8QZLZKLbITVcCsUbKFDy dqo5jUPJW+Hobua3xlwbkahHnKQ8iOlAiUgwilbquW4X+RPmKdU0TKRg055b8areHGSV+AWpQIF6z/3q9hOWxVwhk9SYju+lGORUo2CST8vdzPCUshEd8I6lisbcBPn88ik5t0qf RIm2pZDM1d8TOY2NmcSh7YwpDs2yNxP/8zoZRjdBLlSaIVdssSjKJMGEzGIgfaE5QzmxhDIt7K2EDW0IDG1YZRuCv/zyKmleVn2v6j9cVWq3RRwlOIUzuAAfrqEG91CHBjAYwzO8 wpuTOy/Ou/OxaF1zipkT+APn8wdJ+JQR</latexit><latexit sha1_base64="fxq7Z2lCqsHX54yhVhrCa0lhtRY=">AAAB+XicbVBNS8NA EJ34WetX1KOXxSJ4KokIeix68VjBfkAbyma7aZduNmF3Uiyh/8SLB0W8+k+8+W/ctjlo64OBx3szzMwLUykMet63s7a+sbm1Xdop7+7tHxy6R8dNk2Sa8QZLZKLbITVcCsUbKFDy dqo5jUPJW+Hobua3xlwbkahHnKQ8iOlAiUgwilbquW4X+RPmKdU0TKRg055b8areHGSV+AWpQIF6z/3q9hOWxVwhk9SYju+lGORUo2CST8vdzPCUshEd8I6lisbcBPn88ik5t0qf RIm2pZDM1d8TOY2NmcSh7YwpDs2yNxP/8zoZRjdBLlSaIVdssSjKJMGEzGIgfaE5QzmxhDIt7K2EDW0IDG1YZRuCv/zyKmleVn2v6j9cVWq3RRwlOIUzuAAfrqEG91CHBjAYwzO8 wpuTOy/Ou/OxaF1zipkT+APn8wdJ+JQR</latexit>
FZZT
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O`H |0i
<latexit sha1_base64="vKtTmBlPz7Gm +gCUK8kAgfpjfqg=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KokIuiy66c4K9gFNCJ PpTTt0MgkzE6HEgBt/xY0LRdz6E+78G6ePhbYeuHA4517uvSdMOVPacb6tpeWV1bX10k Z5c2t7Z9fe22+pJJMUmjThieyERAFnApqaaQ6dVAKJQw7tcHg99tv3IBVLxJ0epeDHpC 9YxCjRRgrsw9yjhOObIsg94DyoFw+OJ4nocwjsilN1JsCLxJ2RCpqhEdhfXi+hWQxCU0 6U6rpOqv2cSM0oh6LsZQpSQoekD11DBYlB+fnkhwKfGKWHo0SaEhpP1N8TOYmVGsWh6Y yJHqh5byz+53UzHV36ORNppkHQ6aIo41gneBwI7jEJVPORIYRKZm7FdEAkodrEVjYhuP MvL5LWWdV1qu7teaV2NYujhI7QMTpFLrpANVRHDdREFD2iZ/SK3qwn68V6tz6mrUvWbO YA/YH1+QP8Ape6</latexit><latexit sha1_base64="vKtTmBlPz7Gm +gCUK8kAgfpjfqg=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KokIuiy66c4K9gFNCJ PpTTt0MgkzE6HEgBt/xY0LRdz6E+78G6ePhbYeuHA4517uvSdMOVPacb6tpeWV1bX10k Z5c2t7Z9fe22+pJJMUmjThieyERAFnApqaaQ6dVAKJQw7tcHg99tv3IBVLxJ0epeDHpC 9YxCjRRgrsw9yjhOObIsg94DyoFw+OJ4nocwjsilN1JsCLxJ2RCpqhEdhfXi+hWQxCU0 6U6rpOqv2cSM0oh6LsZQpSQoekD11DBYlB+fnkhwKfGKWHo0SaEhpP1N8TOYmVGsWh6Y yJHqh5byz+53UzHV36ORNppkHQ6aIo41gneBwI7jEJVPORIYRKZm7FdEAkodrEVjYhuP MvL5LWWdV1qu7teaV2NYujhI7QMTpFLrpANVRHDdREFD2iZ/SK3qwn68V6tz6mrUvWbO YA/YH1+QP8Ape6</latexit><latexit sha1_base64="vKtTmBlPz7Gm +gCUK8kAgfpjfqg=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KokIuiy66c4K9gFNCJ PpTTt0MgkzE6HEgBt/xY0LRdz6E+78G6ePhbYeuHA4517uvSdMOVPacb6tpeWV1bX10k Z5c2t7Z9fe22+pJJMUmjThieyERAFnApqaaQ6dVAKJQw7tcHg99tv3IBVLxJ0epeDHpC 9YxCjRRgrsw9yjhOObIsg94DyoFw+OJ4nocwjsilN1JsCLxJ2RCpqhEdhfXi+hWQxCU0 6U6rpOqv2cSM0oh6LsZQpSQoekD11DBYlB+fnkhwKfGKWHo0SaEhpP1N8TOYmVGsWh6Y yJHqh5byz+53UzHV36ORNppkHQ6aIo41gneBwI7jEJVPORIYRKZm7FdEAkodrEVjYhuP MvL5LWWdV1qu7teaV2NYujhI7QMTpFLrpANVRHDdREFD2iZ/SK3qwn68V6tz6mrUvWbO YA/YH1+QP8Ape6</latexit><latexit sha1_base64="vKtTmBlPz7Gm +gCUK8kAgfpjfqg=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KokIuiy66c4K9gFNCJ PpTTt0MgkzE6HEgBt/xY0LRdz6E+78G6ePhbYeuHA4517uvSdMOVPacb6tpeWV1bX10k Z5c2t7Z9fe22+pJJMUmjThieyERAFnApqaaQ6dVAKJQw7tcHg99tv3IBVLxJ0epeDHpC 9YxCjRRgrsw9yjhOObIsg94DyoFw+OJ4nocwjsilN1JsCLxJ2RCpqhEdhfXi+hWQxCU0 6U6rpOqv2cSM0oh6LsZQpSQoekD11DBYlB+fnkhwKfGKWHo0SaEhpP1N8TOYmVGsWh6Y yJHqh5byz+53UzHV36ORNppkHQ6aIo41gneBwI7jEJVPORIYRKZm7FdEAkodrEVjYhuP MvL5LWWdV1qu7teaV2NYujhI7QMTpFLrpANVRHDdREFD2iZ/SK3qwn68V6tz6mrUvWbO YA/YH1+QP8Ape6</latexit>
ZZ
<latexit sha1_base64="0VlZkrIl2Ki1 1GSUv/ff5MLRqPM=">AAAB8HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBftg2lM 120i7dTcLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu /s7u2XDg4bJk41hzqPZaxbATMgRQR1FCihlWhgKpDQDEY3U7/5CNqIOLrHcQK+YoNIhI IztNJDF+EJs3Z70iuV3Yo7A10mXk7KJEetV/rq9mOeKoiQS2ZMx3MT9DOmUXAJk2I3NZ AwPmID6FgaMQXGz2YHT+ipVfo0jLWtCOlM/T2RMWXMWAW2UzEcmkVvKv7ndVIMr/xMRE mKEPH5ojCVFGM6/Z72hQaOcmwJ41rYWykfMs042oyKNgRv8eVl0jiveG7Fu7soV6/zOA rkmJyQM+KRS1Ilt6RG6oQTRZ7JK3lztPPivDsf89YVJ585In/gfP4AKd+QoQ==</late xit><latexit sha1_base64="0VlZkrIl2Ki1 1GSUv/ff5MLRqPM=">AAAB8HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBftg2lM 120i7dTcLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu /s7u2XDg4bJk41hzqPZaxbATMgRQR1FCihlWhgKpDQDEY3U7/5CNqIOLrHcQK+YoNIhI IztNJDF+EJs3Z70iuV3Yo7A10mXk7KJEetV/rq9mOeKoiQS2ZMx3MT9DOmUXAJk2I3NZ AwPmID6FgaMQXGz2YHT+ipVfo0jLWtCOlM/T2RMWXMWAW2UzEcmkVvKv7ndVIMr/xMRE mKEPH5ojCVFGM6/Z72hQaOcmwJ41rYWykfMs042oyKNgRv8eVl0jiveG7Fu7soV6/zOA rkmJyQM+KRS1Ilt6RG6oQTRZ7JK3lztPPivDsf89YVJ585In/gfP4AKd+QoQ==</late xit><latexit sha1_base64="0VlZkrIl2Ki1 1GSUv/ff5MLRqPM=">AAAB8HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBftg2lM 120i7dTcLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu /s7u2XDg4bJk41hzqPZaxbATMgRQR1FCihlWhgKpDQDEY3U7/5CNqIOLrHcQK+YoNIhI IztNJDF+EJs3Z70iuV3Yo7A10mXk7KJEetV/rq9mOeKoiQS2ZMx3MT9DOmUXAJk2I3NZ AwPmID6FgaMQXGz2YHT+ipVfo0jLWtCOlM/T2RMWXMWAW2UzEcmkVvKv7ndVIMr/xMRE mKEPH5ojCVFGM6/Z72hQaOcmwJ41rYWykfMs042oyKNgRv8eVl0jiveG7Fu7soV6/zOA rkmJyQM+KRS1Ilt6RG6oQTRZ7JK3lztPPivDsf89YVJ585In/gfP4AKd+QoQ==</late xit><latexit sha1_base64="0VlZkrIl2Ki1 1GSUv/ff5MLRqPM=">AAAB8HicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBftg2lM 120i7dTcLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu /s7u2XDg4bJk41hzqPZaxbATMgRQR1FCihlWhgKpDQDEY3U7/5CNqIOLrHcQK+YoNIhI IztNJDF+EJs3Z70iuV3Yo7A10mXk7KJEetV/rq9mOeKoiQS2ZMx3MT9DOmUXAJk2I3NZ AwPmID6FgaMQXGz2YHT+ipVfo0jLWtCOlM/T2RMWXMWAW2UzEcmkVvKv7ndVIMr/xMRE mKEPH5ojCVFGM6/Z72hQaOcmwJ41rYWykfMs042oyKNgRv8eVl0jiveG7Fu7soV6/zOA rkmJyQM+KRS1Ilt6RG6oQTRZ7JK3lztPPivDsf89YVJ585In/gfP4AKd+QoQ==</late xit>
parabolic
<latexit sha1_base64="fxq7Z2lCqsHX54yhVhrCa0lhtRY=">AAAB+XicbVBNS8NA EJ34WetX1KOXxSJ4KokIeix68VjBfkAbyma7aZduNmF3Uiyh/8SLB0W8+k+8+W/ctjlo64OBx3szzMwLUykMet63s7a+sbm1Xdop7+7tHxy6R8dNk2Sa8QZLZKLbITVcCsUbKFDy dqo5jUPJW+Hobua3xlwbkahHnKQ8iOlAiUgwilbquW4X+RPmKdU0TKRg055b8areHGSV+AWpQIF6z/3q9hOWxVwhk9SYju+lGORUo2CST8vdzPCUshEd8I6lisbcBPn88ik5t0qf RIm2pZDM1d8TOY2NmcSh7YwpDs2yNxP/8zoZRjdBLlSaIVdssSjKJMGEzGIgfaE5QzmxhDIt7K2EDW0IDG1YZRuCv/zyKmleVn2v6j9cVWq3RRwlOIUzuAAfrqEG91CHBjAYwzO8 wpuTOy/Ou/OxaF1zipkT+APn8wdJ+JQR</latexit><latexit sha1_base64="fxq7Z2lCqsHX54yhVhrCa0lhtRY=">AAAB+XicbVBNS8NA EJ34WetX1KOXxSJ4KokIeix68VjBfkAbyma7aZduNmF3Uiyh/8SLB0W8+k+8+W/ctjlo64OBx3szzMwLUykMet63s7a+sbm1Xdop7+7tHxy6R8dNk2Sa8QZLZKLbITVcCsUbKFDy dqo5jUPJW+Hobua3xlwbkahHnKQ8iOlAiUgwilbquW4X+RPmKdU0TKRg055b8areHGSV+AWpQIF6z/3q9hOWxVwhk9SYju+lGORUo2CST8vdzPCUshEd8I6lisbcBPn88ik5t0qf RIm2pZDM1d8TOY2NmcSh7YwpDs2yNxP/8zoZRjdBLlSaIVdssSjKJMGEzGIgfaE5QzmxhDIt7K2EDW0IDG1YZRuCv/zyKmleVn2v6j9cVWq3RRwlOIUzuAAfrqEG91CHBjAYwzO8 wpuTOy/Ou/OxaF1zipkT+APn8wdJ+JQR</latexit><latexit sha1_base64="fxq7Z2lCqsHX54yhVhrCa0lhtRY=">AAAB+XicbVBNS8NA EJ34WetX1KOXxSJ4KokIeix68VjBfkAbyma7aZduNmF3Uiyh/8SLB0W8+k+8+W/ctjlo64OBx3szzMwLUykMet63s7a+sbm1Xdop7+7tHxy6R8dNk2Sa8QZLZKLbITVcCsUbKFDy dqo5jUPJW+Hobua3xlwbkahHnKQ8iOlAiUgwilbquW4X+RPmKdU0TKRg055b8areHGSV+AWpQIF6z/3q9hOWxVwhk9SYju+lGORUo2CST8vdzPCUshEd8I6lisbcBPn88ik5t0qf RIm2pZDM1d8TOY2NmcSh7YwpDs2yNxP/8zoZRjdBLlSaIVdssSjKJMGEzGIgfaE5QzmxhDIt7K2EDW0IDG1YZRuCv/zyKmleVn2v6j9cVWq3RRwlOIUzuAAfrqEG91CHBjAYwzO8 wpuTOy/Ou/OxaF1zipkT+APn8wdJ+JQR</latexit><latexit sha1_base64="fxq7Z2lCqsHX54yhVhrCa0lhtRY=">AAAB+XicbVBNS8NA EJ34WetX1KOXxSJ4KokIeix68VjBfkAbyma7aZduNmF3Uiyh/8SLB0W8+k+8+W/ctjlo64OBx3szzMwLUykMet63s7a+sbm1Xdop7+7tHxy6R8dNk2Sa8QZLZKLbITVcCsUbKFDy dqo5jUPJW+Hobua3xlwbkahHnKQ8iOlAiUgwilbquW4X+RPmKdU0TKRg055b8areHGSV+AWpQIF6z/3q9hOWxVwhk9SYju+lGORUo2CST8vdzPCUshEd8I6lisbcBPn88ik5t0qf RIm2pZDM1d8TOY2NmcSh7YwpDs2yNxP/8zoZRjdBLlSaIVdssSjKJMGEzGIgfaE5QzmxhDIt7K2EDW0IDG1YZRuCv/zyKmleVn2v6j9cVWq3RRwlOIUzuAAfrqEG91CHBjAYwzO8 wpuTOy/Ou/OxaF1zipkT+APn8wdJ+JQR</latexit>
✔
✔
✔
✘
 
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNA FL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS 91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+ nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfn YxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNA FL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS 91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+ nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfn YxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNA FL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS 91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+ nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfn YxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNA FL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS 91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+ nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfn YxktOcXMKfyB8/kDPMWPfQ==</latexit>
2⇡TETH
<latexit sha1_base64="tcb6xSmvjPYqiDnrdlBYy8lVUiY=">AAAB+XicbVBNS8NA EJ3Ur1q/oh69LBbBU0mKoMeiCD1W6Bc0IWy2m3bpZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkpb2zu7e+X9ysHh0fGJfXrWVUkmCe2QhCeyH2JFORO0o5nm tJ9KiuOQ0144eVj4vSmViiWirWcp9WM8EixiBGsjBbZd91KG2kHuyRg9tpvzwK46NWcJtEncglShQCuwv7xhQrKYCk04VmrgOqn2cyw1I5zOK16maIrJBI/owFCBY6r8fHn5HF0Z ZYiiRJoSGi3V3xM5jpWaxaHpjLEeq3VvIf7nDTId3fk5E2mmqSCrRVHGkU7QIgY0ZJISzWeGYCKZuRWRMZaYaBNWxYTgrr+8Sbr1muvU3KebauO+iKMMF3AJ1+DCLTSgCS3oAIEp PMMrvFm59WK9Wx+r1pJVzJzDH1ifPzWxkrk=</latexit><latexit sha1_base64="tcb6xSmvjPYqiDnrdlBYy8lVUiY=">AAAB+XicbVBNS8NA EJ3Ur1q/oh69LBbBU0mKoMeiCD1W6Bc0IWy2m3bpZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkpb2zu7e+X9ysHh0fGJfXrWVUkmCe2QhCeyH2JFORO0o5nm tJ9KiuOQ0144eVj4vSmViiWirWcp9WM8EixiBGsjBbZd91KG2kHuyRg9tpvzwK46NWcJtEncglShQCuwv7xhQrKYCk04VmrgOqn2cyw1I5zOK16maIrJBI/owFCBY6r8fHn5HF0Z ZYiiRJoSGi3V3xM5jpWaxaHpjLEeq3VvIf7nDTId3fk5E2mmqSCrRVHGkU7QIgY0ZJISzWeGYCKZuRWRMZaYaBNWxYTgrr+8Sbr1muvU3KebauO+iKMMF3AJ1+DCLTSgCS3oAIEp PMMrvFm59WK9Wx+r1pJVzJzDH1ifPzWxkrk=</latexit><latexit sha1_base64="tcb6xSmvjPYqiDnrdlBYy8lVUiY=">AAAB+XicbVBNS8NA EJ3Ur1q/oh69LBbBU0mKoMeiCD1W6Bc0IWy2m3bpZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkpb2zu7e+X9ysHh0fGJfXrWVUkmCe2QhCeyH2JFORO0o5nm tJ9KiuOQ0144eVj4vSmViiWirWcp9WM8EixiBGsjBbZd91KG2kHuyRg9tpvzwK46NWcJtEncglShQCuwv7xhQrKYCk04VmrgOqn2cyw1I5zOK16maIrJBI/owFCBY6r8fHn5HF0Z ZYiiRJoSGi3V3xM5jpWaxaHpjLEeq3VvIf7nDTId3fk5E2mmqSCrRVHGkU7QIgY0ZJISzWeGYCKZuRWRMZaYaBNWxYTgrr+8Sbr1muvU3KebauO+iKMMF3AJ1+DCLTSgCS3oAIEp PMMrvFm59WK9Wx+r1pJVzJzDH1ifPzWxkrk=</latexit><latexit sha1_base64="tcb6xSmvjPYqiDnrdlBYy8lVUiY=">AAAB+XicbVBNS8NA EJ3Ur1q/oh69LBbBU0mKoMeiCD1W6Bc0IWy2m3bpZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkpb2zu7e+X9ysHh0fGJfXrWVUkmCe2QhCeyH2JFORO0o5nm tJ9KiuOQ0144eVj4vSmViiWirWcp9WM8EixiBGsjBbZd91KG2kHuyRg9tpvzwK46NWcJtEncglShQCuwv7xhQrKYCk04VmrgOqn2cyw1I5zOK16maIrJBI/owFCBY6r8fHn5HF0Z ZYiiRJoSGi3V3xM5jpWaxaHpjLEeq3VvIf7nDTId3fk5E2mmqSCrRVHGkU7QIgY0ZJISzWeGYCKZuRWRMZaYaBNWxYTgrr+8Sbr1muvU3KebauO+iKMMF3AJ1+DCLTSgCS3oAIEp PMMrvFm59WK9Wx+r1pJVzJzDH1ifPzWxkrk=</latexit>
2⇡TETH
<latexit sha1_base64="tcb6xSmvjPYqiDnrdlBYy8lVUiY=">AAAB+XicbVBNS8NA EJ3Ur1q/oh69LBbBU0mKoMeiCD1W6Bc0IWy2m3bpZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkpb2zu7e+X9ysHh0fGJfXrWVUkmCe2QhCeyH2JFORO0o5nm tJ9KiuOQ0144eVj4vSmViiWirWcp9WM8EixiBGsjBbZd91KG2kHuyRg9tpvzwK46NWcJtEncglShQCuwv7xhQrKYCk04VmrgOqn2cyw1I5zOK16maIrJBI/owFCBY6r8fHn5HF0Z ZYiiRJoSGi3V3xM5jpWaxaHpjLEeq3VvIf7nDTId3fk5E2mmqSCrRVHGkU7QIgY0ZJISzWeGYCKZuRWRMZaYaBNWxYTgrr+8Sbr1muvU3KebauO+iKMMF3AJ1+DCLTSgCS3oAIEp PMMrvFm59WK9Wx+r1pJVzJzDH1ifPzWxkrk=</latexit><latexit sha1_base64="tcb6xSmvjPYqiDnrdlBYy8lVUiY=">AAAB+XicbVBNS8NA EJ3Ur1q/oh69LBbBU0mKoMeiCD1W6Bc0IWy2m3bpZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkpb2zu7e+X9ysHh0fGJfXrWVUkmCe2QhCeyH2JFORO0o5nm tJ9KiuOQ0144eVj4vSmViiWirWcp9WM8EixiBGsjBbZd91KG2kHuyRg9tpvzwK46NWcJtEncglShQCuwv7xhQrKYCk04VmrgOqn2cyw1I5zOK16maIrJBI/owFCBY6r8fHn5HF0Z ZYiiRJoSGi3V3xM5jpWaxaHpjLEeq3VvIf7nDTId3fk5E2mmqSCrRVHGkU7QIgY0ZJISzWeGYCKZuRWRMZaYaBNWxYTgrr+8Sbr1muvU3KebauO+iKMMF3AJ1+DCLTSgCS3oAIEp PMMrvFm59WK9Wx+r1pJVzJzDH1ifPzWxkrk=</latexit><latexit sha1_base64="tcb6xSmvjPYqiDnrdlBYy8lVUiY=">AAAB+XicbVBNS8NA EJ3Ur1q/oh69LBbBU0mKoMeiCD1W6Bc0IWy2m3bpZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkpb2zu7e+X9ysHh0fGJfXrWVUkmCe2QhCeyH2JFORO0o5nm tJ9KiuOQ0144eVj4vSmViiWirWcp9WM8EixiBGsjBbZd91KG2kHuyRg9tpvzwK46NWcJtEncglShQCuwv7xhQrKYCk04VmrgOqn2cyw1I5zOK16maIrJBI/owFCBY6r8fHn5HF0Z ZYiiRJoSGi3V3xM5jpWaxaHpjLEeq3VvIf7nDTId3fk5E2mmqSCrRVHGkU7QIgY0ZJISzWeGYCKZuRWRMZaYaBNWxYTgrr+8Sbr1muvU3KebauO+iKMMF3AJ1+DCLTSgCS3oAIEp PMMrvFm59WK9Wx+r1pJVzJzDH1ifPzWxkrk=</latexit><latexit sha1_base64="tcb6xSmvjPYqiDnrdlBYy8lVUiY=">AAAB+XicbVBNS8NA EJ3Ur1q/oh69LBbBU0mKoMeiCD1W6Bc0IWy2m3bpZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMacf5tkpb2zu7e+X9ysHh0fGJfXrWVUkmCe2QhCeyH2JFORO0o5nm tJ9KiuOQ0144eVj4vSmViiWirWcp9WM8EixiBGsjBbZd91KG2kHuyRg9tpvzwK46NWcJtEncglShQCuwv7xhQrKYCk04VmrgOqn2cyw1I5zOK16maIrJBI/owFCBY6r8fHn5HF0Z ZYiiRJoSGi3V3xM5jpWaxaHpjLEeq3VvIf7nDTId3fk5E2mmqSCrRVHGkU7QIgY0ZJISzWeGYCKZuRWRMZaYaBNWxYTgrr+8Sbr1muvU3KebauO+iKMMF3AJ1+DCLTSgCS3oAIEp PMMrvFm59WK9Wx+r1pJVzJzDH1ifPzWxkrk=</latexit>
2 iR
<latexit sha1_base64="vC1/opkSGJtOGPR6LMMW0K3f8Gw=">AAAB+XicbVDLSgMx FL1TX7W+Rl26CRbBVZkRQZdFNy6r2Ad0hpKkmTY0kxmSTKEM/RM3LhRx65+482/MtLPQ6oHA4Zx7uSeHpIJr43lfTmVtfWNzq7pd29nd2z9wD486OskUZW2aiET1CNZMcMnahhvB eqliOCaCdcnktvC7U6Y0T+SjmaUsjPFI8ohTbKw0cN2AS8RREGMzJiR/mA/cutfwFkB/iV+SOpRoDdzPYJjQLGbSUIG17vteasIcK8OpYPNakGmWYjrBI9a3VOKY6TBfJJ+jM6sM UZQo+6RBC/XnRo5jrWcxsZNFQr3qFeJ/Xj8z0XWYc5lmhkm6PBRlApkEFTWgIVeMGjGzBFPFbVZEx1hhamxZNVuCv/rlv6Rz0fC9hn9/WW/elHVU4QRO4Rx8uIIm3EEL2kBhCk/w Aq9O7jw7b877crTilDvH8AvOxzf8vJM7</latexit><latexit sha1_base64="vC1/opkSGJtOGPR6LMMW0K3f8Gw=">AAAB+XicbVDLSgMx FL1TX7W+Rl26CRbBVZkRQZdFNy6r2Ad0hpKkmTY0kxmSTKEM/RM3LhRx65+482/MtLPQ6oHA4Zx7uSeHpIJr43lfTmVtfWNzq7pd29nd2z9wD486OskUZW2aiET1CNZMcMnahhvB eqliOCaCdcnktvC7U6Y0T+SjmaUsjPFI8ohTbKw0cN2AS8RREGMzJiR/mA/cutfwFkB/iV+SOpRoDdzPYJjQLGbSUIG17vteasIcK8OpYPNakGmWYjrBI9a3VOKY6TBfJJ+jM6sM UZQo+6RBC/XnRo5jrWcxsZNFQr3qFeJ/Xj8z0XWYc5lmhkm6PBRlApkEFTWgIVeMGjGzBFPFbVZEx1hhamxZNVuCv/rlv6Rz0fC9hn9/WW/elHVU4QRO4Rx8uIIm3EEL2kBhCk/w Aq9O7jw7b877crTilDvH8AvOxzf8vJM7</latexit><latexit sha1_base64="vC1/opkSGJtOGPR6LMMW0K3f8Gw=">AAAB+XicbVDLSgMx FL1TX7W+Rl26CRbBVZkRQZdFNy6r2Ad0hpKkmTY0kxmSTKEM/RM3LhRx65+482/MtLPQ6oHA4Zx7uSeHpIJr43lfTmVtfWNzq7pd29nd2z9wD486OskUZW2aiET1CNZMcMnahhvB eqliOCaCdcnktvC7U6Y0T+SjmaUsjPFI8ohTbKw0cN2AS8RREGMzJiR/mA/cutfwFkB/iV+SOpRoDdzPYJjQLGbSUIG17vteasIcK8OpYPNakGmWYjrBI9a3VOKY6TBfJJ+jM6sM UZQo+6RBC/XnRo5jrWcxsZNFQr3qFeJ/Xj8z0XWYc5lmhkm6PBRlApkEFTWgIVeMGjGzBFPFbVZEx1hhamxZNVuCv/rlv6Rz0fC9hn9/WW/elHVU4QRO4Rx8uIIm3EEL2kBhCk/w Aq9O7jw7b877crTilDvH8AvOxzf8vJM7</latexit><latexit sha1_base64="vC1/opkSGJtOGPR6LMMW0K3f8Gw=">AAAB+XicbVDLSgMx FL1TX7W+Rl26CRbBVZkRQZdFNy6r2Ad0hpKkmTY0kxmSTKEM/RM3LhRx65+482/MtLPQ6oHA4Zx7uSeHpIJr43lfTmVtfWNzq7pd29nd2z9wD486OskUZW2aiET1CNZMcMnahhvB eqliOCaCdcnktvC7U6Y0T+SjmaUsjPFI8ohTbKw0cN2AS8RREGMzJiR/mA/cutfwFkB/iV+SOpRoDdzPYJjQLGbSUIG17vteasIcK8OpYPNakGmWYjrBI9a3VOKY6TBfJJ+jM6sM UZQo+6RBC/XnRo5jrWcxsZNFQr3qFeJ/Xj8z0XWYc5lmhkm6PBRlApkEFTWgIVeMGjGzBFPFbVZEx1hhamxZNVuCv/rlv6Rz0fC9hn9/WW/elHVU4QRO4Rx8uIIm3EEL2kBhCk/w Aq9O7jw7b877crTilDvH8AvOxzf8vJM7</latexit>
class
<latexit sha1_base64="ONorXZMhaNGOyRDCg0xraJAVjNk=">AAAB83icbVBNS8NA EJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0swm7E7GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7M68MJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1LDpVC8hQIl 7yaa0yiUvBNObud+55FrI2L1gNOEBxEdKTEUjKKVfB/5E2ZMUmNm/WrNrbs5yCrxClKDAs1+9csfxCyNuML8hZ7nJhhkVKNgks8qfmp4QtmEjnjPUkUjboIs33lGzqwyIMNY21JI cvX3REYjY6ZRaDsjimOz7M3F/7xeisPrIBMqSZErtvhomEqCMZkHQAZCc4ZyagllWthdCRtTTRnamCo2BG/55FXSvqh7bt27v6w1boo4ynACp3AOHlxBA+6gCS1gkMAzvMKbkzov zrvzsWgtOcXMMfyB8/kDvkiSIQ==</latexit><latexit sha1_base64="ONorXZMhaNGOyRDCg0xraJAVjNk=">AAAB83icbVBNS8NA EJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0swm7E7GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7M68MJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1LDpVC8hQIl 7yaa0yiUvBNObud+55FrI2L1gNOEBxEdKTEUjKKVfB/5E2ZMUmNm/WrNrbs5yCrxClKDAs1+9csfxCyNuML8hZ7nJhhkVKNgks8qfmp4QtmEjnjPUkUjboIs33lGzqwyIMNY21JI cvX3REYjY6ZRaDsjimOz7M3F/7xeisPrIBMqSZErtvhomEqCMZkHQAZCc4ZyagllWthdCRtTTRnamCo2BG/55FXSvqh7bt27v6w1boo4ynACp3AOHlxBA+6gCS1gkMAzvMKbkzov zrvzsWgtOcXMMfyB8/kDvkiSIQ==</latexit><latexit sha1_base64="ONorXZMhaNGOyRDCg0xraJAVjNk=">AAAB83icbVBNS8NA EJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0swm7E7GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7M68MJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1LDpVC8hQIl 7yaa0yiUvBNObud+55FrI2L1gNOEBxEdKTEUjKKVfB/5E2ZMUmNm/WrNrbs5yCrxClKDAs1+9csfxCyNuML8hZ7nJhhkVKNgks8qfmp4QtmEjnjPUkUjboIs33lGzqwyIMNY21JI cvX3REYjY6ZRaDsjimOz7M3F/7xeisPrIBMqSZErtvhomEqCMZkHQAZCc4ZyagllWthdCRtTTRnamCo2BG/55FXSvqh7bt27v6w1boo4ynACp3AOHlxBA+6gCS1gkMAzvMKbkzov zrvzsWgtOcXMMfyB8/kDvkiSIQ==</latexit><latexit sha1_base64="ONorXZMhaNGOyRDCg0xraJAVjNk=">AAAB83icbVBNS8NA EJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0swm7E7GE/g0vHhTx6p/x5r9xm+agrQ8GHu/N7M68MJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1LDpVC8hQIl 7yaa0yiUvBNObud+55FrI2L1gNOEBxEdKTEUjKKVfB/5E2ZMUmNm/WrNrbs5yCrxClKDAs1+9csfxCyNuML8hZ7nJhhkVKNgks8qfmp4QtmEjnjPUkUjboIs33lGzqwyIMNY21JI cvX3REYjY6ZRaDsjimOz7M3F/7xeisPrIBMqSZErtvhomEqCMZkHQAZCc4ZyagllWthdCRtTTRnamCo2BG/55FXSvqh7bt27v6w1boo4ynACp3AOHlxBA+6gCS1gkMAzvMKbkzov zrvzsWgtOcXMMfyB8/kDvkiSIQ==</latexit>
Figure 8: Panoramic summary of the pure states studied in this paper and their thermal
properties. We see that in all cases where the system behaves thermally it satisfies maximal
extended ETH (we did not compute the Lyapunov exponent in the last line of this table).
The states ∣Er±⟩ denote the coherent FZZT states for r >< √2. The grey tick mark indicates
that the states in question show only a weak form of ETH.
[81–86]). To this end, we note that we have the exact results of many relevant quantities
at our disposal (see section 4), so one could in principle undertake a systematic expansion
in large−C to address this question. A second important angle is the maximal extended
ETH conjecture made in [15] and in this paper: the IR limit of the SYK model as well as
other similar many-body theories (such as the melonic tensor models) scramble with the
maximally allowed exponent 2pi/βeff predicted from the ETH as applied to simple operators.
It would be interesting to further explore whether there are universal critical phenomena
associated to the ergodic / non-ergodic transition established here, and linked to the critical
parabolic orbit of Virasoro. A possible connection between ETH and the Lyapunov behavior
was first suggested in [15] and later formalized in [87], who point out the general structure of
non-Gaussianities this implies for the statistics of off-diagonal matrix elements in the energy
basis. It would be of interest to compute these non-Gaussianities explicitly in the present
model, but for this we would need to extend our results to off-diagonal matrix elements.
Such an expansion of the exact results would naturally be of interest also in discussion of
how the correlation function deviates from semi-classical bulk EFT expectations, as discussed
in various recent analyses, such as for example [14,34,88,89].
It is interesting to note that an ergodic to non-ergodic phase transition was also found
in [90, 91] within pure states of the SYK model. However, the connection with the pure
states of the above paper is presently not clear and begs a more detailed analysis.
An interesting aspect with potentially important ramifications for holography is the close
connection between ETH and approximate quantum error correction pointed out in [92].
Combining their results with what has been established in this work, implies as a corol-
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lary that heavy eigenstates of SYK-like models (more precisely their IR Schwarzian limit)
form an approximate quantum error correcting code (AQECC). It would be very interesting
to investigate what more can be said about the properties of the AQECC hosted by the
eigenstates of SYK-like models in the light of the OTOC version of ETH we found. Recent
investigations linking ETH to AQECC in chaotic theories, including holographic ones, have
appeared in [93], while [94] link complexity of time evolution to ETH-type behavior.
An alternative approach to relate spectral statistics and Lyapunov behavior is developed
in [95–97] who introduce new measures of quantum chaos defined in terms of the random
nature of matrices of correlation functions of all the operators in a system. Given the exact
results developed in this work, it would be interesting to attempt compute these measures
in the Schwarzian theory.
We would like to end by reiterating an important remark about our results demonstrating
ETH. For a complete proof of eigenstate thermalization in a system it is indispensable to
demonstrate the exponential suppression of the off-diagonal matrix elements with respect to
the diagonal terms. This was addressed numerically in [15], as well as analytically in the
conformal limit in [47]. Our present work focused on the study of the diagonal terms only, so
it will be important to generalize our techniques to allow the determination of the behavior
of the off-diagonal terms.
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